The equivariant Spivak normal bundle and equivariant surgery for compact
  Lie groups by Costenoble, Steven R. & Waner, Stefan
ar
X
iv
:1
70
5.
10
90
9v
1 
 [m
ath
.A
T]
  3
1 M
ay
 20
17
THE EQUIVARIANT SPIVAK NORMAL BUNDLE AND
EQUIVARIANT SURGERY FOR COMPACT LIE GROUPS
STEVEN R. COSTENOBLE AND STEFAN WANER
Abstract. We generalize the results of [4] to compact Lie groups. Using a
recently developed ordinary equivariant homology and cohomology, we define
equivariant Poincare´ complexes with the properties that (1) every compact
G-manifold is an equivariant Poincare´ complex, (2) every finite equivariant
Poincare´ complex (with some mild additional hypotheses) has an equivariant
spherical Spivak normal fibration, and (3) the Π-Π Theorem holds for equivari-
ant Poincare´ pairs under suitable gap hypotheses. The nice behavior of the
ordinary equivariant homology and cohomology theories allows us to follow
Wall’s original line of argument closely.
Contents
Introduction 2
1. Ordinary Equivariant Homology 2
2. Equivariant Poincare´ Duality Spaces 11
3. The Spivak Normal Fibration 13
4. Homotopy Notions 18
5. The Surgery Step 27
6. Surgery Below the Critical Dimension 33
7. The Surgery Kernel 37
8. The Π-Π Theorem 40
References 44
Date: October 15, 2018.
2010 Mathematics Subject Classification. Primary 57R65; Secondary 55N25, 55N91, 57P10,
57R91, 57S15.
1
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Introduction
Equivariant surgery was pioneered by Dovermann, Petrie, and Rothenberg about
40 years ago in a series of papers including [17], [19], [7], and [6]. They worked pre-
dominantly with finite group actions, with some preliminary work on compact Lie
group actions. Moreover, they assumed that all fixed sets were simply connected,
and they sought results only up to pseudo-equivalence. One of their results was a
Π-Π theorem under these assumptions.
We would like a Π-Π theorem allowing nontrivial fundamental groups and work-
ing with true G-equivalence in the full generality of compact Lie group actions. For
this, we need a good theory of Poincare´ duality, which means we need good equivari-
ant homology and cohomology theories. In particular, these theories need to exhibit
Poincare´ duality for all smooth compact G-manifolds, and detect G-equivalences
(to the same degree that nonequivariant homology detects equivalences). Since
such theories have been lacking, it is no surprise that little progress has been made
on a Π-Π theorem of the generality we want.
When G is finite, we defined the appropriate ordinary homology and cohomology
theories in [4]. These theories allowed us to define equivariant Poincare´ complexes
for finite group actions and show that with this definition we could prove three
things: (1) every compact G-manifold is an equivariant Poincare´ duality complex,
(2) every finite G-Poincare´ duality complex has an equivariant spherical Spivak
normal fibration, and (3) the Π-Π theorem holds for G-Poincare´ pairs under suitable
gap hypotheses. (In fact, that paper was too optimistic with respect to (3); it is
probably not as easy as claimed to adapt the argument of [7] to the context there.)
Recently, in [5], we completed the construction of the ordinary homology and
cohomology theories needed for the compact Lie case. With this machinery in place,
we now carry out surgery for compact Lie group actions, at least to the point of
proving a Π-Π theorem. However, we do not try to adapt the argument in [7] to
compact Lie group actions, which would appear to be very difficult (those authors
did not do so, either), but rather take advantage of the power of the ordinary
homology and cohomology theories to use arguments very similar to Wall’s original
arguments in [23]. (The work here also fills in any gaps in [4].) We content ourselves
with getting a Π-Π theorem and, although we do not here push on to discuss
obstructions to surgery in the general case, we believe we have provided a framework
to do so.
1. Ordinary Equivariant Homology
Nonequivariantly, Wall [23] used ordinary homology with local coefficients to
deal with spaces with nontrivial fundamental groups. Equivariantly, we use the
ordinary equivariant homology theory developed in [5] to deal with spaces with
nontrivial fundamental groupoids and also with the problem that Poincare´ duality
generally fails in integer or RO(G)-graded theories. In this section we review the
definition of this ordinary theory and some of its properties.
As discussed in [5], ordinary equivariant homology and cohomology theories are
conveniently thought off as defined on a category of parametrized spaces over a given
fixed basespace X . (Note: All spaces will be assumed to be compactly generated
weak Hausdorff spaces without further comment.)
Definition 1.1. Let X be a G-space.
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(1) Let GK /X be the category of G-spaces over X : Its objects are pairs (Y, p)
where Y is a G-space and p : Y → X is a G-map. A map (Y, p)→ (Z, q) is
a G-map f : Y → Z such that q ◦ f = p, i.e., a G-map over X .
(2) Let GKX be the category of ex-G-spaces over X : Its objects are triples
(Y, p, σ) where (Y, p) is a G-space over B and σ is a section of p, i.e., p ◦ σ
is the identity. A map (Y, p, σ) → (Z, q, τ) is a section-preserving G-map
f : Y → Z over B, i.e., a G-map over and under B.
When the meaning is clear, we shall write just Y for (Y, p) or (Y, p, σ). If (Y, p) is a
space over X , we write (Y, p)+ for the ex-G-space obtained by adjoining a disjoint
section. We shall also write Y+ for (Y, p)+.
We define homotopies in these categories using general maps Y × I → X , so
homotopies are in general not fiberwise homotopies. These are the cylinders in
natural model category structures discussed in [15]; we write hGK /X and hGKX
for the corresponding homotopy categories, in the model category sense.
There is also a model category of G-spectra parametrized by X , which we denote
GSX . The details are discussed in [15]. (We shall always use a complete G-universe
to index spectra, so omit the universe from our notation and any further mention.)
We use hGSX to denote the homotopy category of spectra over X , and will usually
write [E,F ]GX for hGSX(E,F ).
The following definition appeared in [2] and is variation of tom Dieck’s original
definition [22, I§10].
Definition 1.2. The fundamental groupoid of X is the category whose objects are
the orbits p : G/H → X over X and whose morphisms p→ q, where q : G/K → X ,
are the pairs (α, ω) where α : G/H → G/K and ω : p → qα is a homotopy class
of paths G/H × I → X rel endpoints. Composition is induced by composition of
maps of orbits and composition of path classes: If
(α, ω) : (p : G/H → X)→ (q : G/K → X) and
(β, η) : (q : G/K → X)→ (r : G/L→ X),
then
(β, η) ◦ (α, ω) = (βα, ηα ∗ ω) : p→ r.
(We write composition of paths from right to left for consistency with the usual
convention for composition of morphisms.)
Notice that ΠG(∗) = OG, the orbit category of G. The projection X → ∗ induces
a functor ϕ : ΠGX → OG that gives ΠGX the structure of a parametrized groupoid,
meaning that it satisfies a certain collection of axioms (given in [3] and [2]). We
shall not need these axioms in this paper. Note that ϕ−1(G/H), the subcategory
of objects mapping to G/H and morphisms mapping to the identity, is ΠXH , the
nonequivariant fundamental groupoid of XH .
ΠGX plays the role equivariantly that the fundamental group(oid) does nonequiv-
ariantly. The analogue of the group ring Zπ1X is the following related category.
Definition 1.3. The stable fundamental groupoid Π̂GX of X is the full subcategory
of hGSX on the suspensions of the orbits p : G/H → X .
Thus, we can think of Π̂GX as having the same objects as ΠGX , but its maps
are stable G-maps over X . As a result, it is enriched over abelian groups, i.e., it is a
preadditive category. Calculationally, it can be described as a category of fractions
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on ΠGX : The group of morphisms from x : G/H → X to y : G/K → X is the free
abelian group on equivalence classes of diagrams of the form [x ← z ⇒ y], where
z : G/L → X , the map z → x is a strict map over X , and the map z ⇒ y is a lax
map [5, 2.2.2], meaning a pair (α, λ), where α : G/L→ G/K and λ is a Moore path
from y ◦ α to z. Only certain subgroups L appear in the compact Lie case. (See
[5, 2.6.4].) For a general compact Lie group G, composition is tricky to describe in
these terms.
We have Π̂G(∗) = ÔG, the stable orbit category of G, and the projection X → ∗
induces a map Π̂GX → ÔG for any X . The description of ÔG as a category of
fractions is [11] Corollary V.9.4 and subsequent discussion. Note, in particular,
that we can identify ÔG(G/H,G/G) ∼= ÔH(H/H,H/H) with A(H), the Burnside
ring of H .
As mentioned above, we need to consider local coefficients. Equivariantly, there
are two aspects to this: a more general notion of grading and a general notion of
coefficient system. We start with the grading.
Definition 1.4. Let VG be the category whose objects are the orthogonal G-vector
bundles over orbits of G and whose morphisms are the equivalence classes of G-
vector bundle maps between them. Here, two maps are equivalent if they are
G-bundle homotopic over the constant homotopy on base spaces. Let ψ : VG → OG
be the functor taking the bundle p : E → G/H to its base space G/H , and taking a
bundle map to the underlying map of base spaces. Let V nG be the full subcategory
of VG consisting of the n-dimensional bundles.
A G-vector bundle ξ : E → X determines a map ξ∗ : ΠGX → VG over OG,
with ξ∗(p : G/H → X) = p∗(ξ). The map ξ∗ is an example of an orthogonal
representation of the fundamental groupoid ΠGX , which is just a map ΠGX → VG
over OG. We think of ξ
∗ (actually, its natural isomorphism class) as the dimension
of ξ.
If V is any representation of G, there is a representation of any ΠGX given by
sending p to ϕ(p) × V . We shall call this representation (of ΠGX) V again. If M
is a smooth G-manifold, its tangent representation τ is the representation of ΠGM
associated with the tangent bundle TM of M . Note that, if the fixed sets are not
all orientable, τ will encode some twisting data as we go around loops in ΠGM .
In [2] we construct various other categories of bundles over orbits. In particular,
we can work with virtual representations, which (for fundamental groupoids of
compact spaces) are just the usual formal differences of representations. It is the
virtual representations of ΠGX that we will use to grade the ordinary homology of
spaces over X .
Nonequivariantly, local coefficients can be defined as modules over the group ring
Zπ1X . Equivariantly, they are functors on the stable fundamental groupoid.
Definition 1.5. A Π̂GX-module is an additive functor from Π̂GX to the category
of abelian groups. We shall consider both contravariant and covariant modules and
adopt the notational convention that contravariant modules will be written with a
bar on top, as T , while covariant modules will be written with an underline, as S.
We are now ready to introduce the kinds of cell complexes we will be working
with. Let p : Y → X be a G-space over X and let γ be a representation of ΠGX .
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Definition 1.6. A G-CW(γ) structure on Y is a decomposition
(Y, p) = colim
n
(Y n, pn)
in GK /X , where
(1) Y 0 is a disjoint union of orbits (G/H, q) for which γ(q) ∼= G/H × Rk for
some k, i.e., H acts trivially on the fiber of γ(q), and
(2) each (Y n, pn), for n > 0, is obtained from (Y n−1, pn−1) by attaching cells
of the form (G ×H D(V ), q) along maps (G ×H S(V ), q) → (Y n−1, pn−1),
where |V | = n and γ(q|G/H × 0) ∼= G×H (V ± Rk) for some k.
Given a particular G-CW(γ) structure on Y , we say that Y is a G-CW(γ) complex.
We will often write Y γ+k for the skeleton Y |γ|+k.
Thus, a G-CW(γ) complex is one built out of cells that are locally modeled on
γ.
For the following definition, let L (G/H) denote the tangent plane to G/H at
eH , as a representation of H . We think of L (G/H) as the dimension of the
manifold G/H .
Definition 1.7. A dual G-CW(γ) structure on Y is a decomposition
(Y, p) = colim
n
(Y n, pn)
in GK /X , where
(1) Y 0 is a disjoint union of orbits (G/H, q) for which L (G/H) = 0 (i.e., G/H
is finite) and γ(q) ∼= G/H × Rk for some k, and
(2) each (Y n, pn), for n > 0, is obtained from (Y n−1, pn−1) by attaching cells
of the form (G ×H D(V ), q) along maps (G ×H S(V ), q) → (Y n−1, pn−1),
where |V +L (G/H)| = n and γ(q|G/H × 0) ∼= G×H (V +L (G/H)±Rk)
for some k.
Given a particular dual G-CW(γ) structure on Y , we say that Y is a dual G-CW(γ)
complex. We will often write Y γ+k for the skeleton Y |γ|+k.
The difference between G-CW and dual G-CW complexes is this: In an ordinary
G-CW complex, we think of a cell G ×H D(V ) as being V -dimensional, ignoring
G/H . In a dual complex, such a cell is thought of as (V +L (G/H))-dimensional,
which is the geometric dimension of the manifold G ×H D(V ). Of course, if G is
finite, there is no difference.
We define relativeG-CW(γ) and relative dualG-CW(γ) complexes in the obvious
way. A based complex is an ex-space (Y, p, σ) such that (Y, σ(X)) is a relative
complex. These complexes are discussed in detail in [5], where the expected results
are shown, including suitable approximation and Whitehead theorems. It also
follows from results there that it is unambigous to say that Y has the homotopy
type of a finite complex, because a finite G-CW(γ) complex has the homotopy type
of a finite dual G-CW(δ) complex and vice versa, for any γ and δ.
A crucial example we have in mind is that of a compact smooth G-manifold
M . In [9], Illman showed that every manifold has a G-triangulation, which can be
viewed as a G-CW(0) structure (over a point or overM itself). We can also consider
the cell structure dual to the triangulation; considering M as a space over itself,
this structure is a dual G-CW(τ) structure, where τ is the tangent representation.
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Given a G-CW complex, we define its chain complex. In the following, if
q : G/H → X is an orbit over X and ξ is a G-vector bundle over G/H , Sξ,qX
denotes the ex-space over X given as the pushout in the following diagram:
G/H
q
//

X

Sξ // Sξ,qX
Here, Sξ denotes the space obtained by taking the fiberwise one-point compactifica-
tion of ξ and the map G/H → Sξ is the inclusion of the compactification points. If
V is a representation ofH , we write ξ+V as shorthand for the bundle G×H (ξ0+V ),
where ξ = G×H ξ0. In particular, we shall write S
V,q
X as shorthand for the ex-space
obtained as in the diagram above with ξ = G×H V .
Definition 1.8. Let Y be a G-CW(γ) complex over X . The cellular chain complex
of Y is the chain complex CGγ+∗(Y ) of contravariant Π̂GX-modules defined by
CGγ+k(Y )(q) = [Σ
∞
X S
γ(q)+k,q
X ,Σ
∞
X Y
γ+k/XY
γ+k−1]GX
for |γ|+ k ≥ 0, where “/X” denotes the fiberwise quotient over X .
It takes a bit of work, done in [5], to show that this defines a functor on Π̂GX . In
fact, each CGγ+k(Y ) is a free module, in the sense that it is a direct sum of modules
of the form Π̂GX(−, p), where p ranges over the centers of the (|γ|+ k)-cells of Y .
For dual complexes we have a similar definition. We use the crucial duality,
shown in [5] or [15], that, if q : G/H → X and r : G/K → X , then
[Σ∞X S
V−L (G/H),q
X ,Σ
∞
X S
V−L (G/K),r
X ]
G
X
∼= [Σ∞X (G/K, r)+,Σ
∞
X (G/H, q)+]
X
G
for V large enough to contain copies of L (G/H) and L (G/K). In this sense, the
stable dual over X of q : G/H → X is S
−L (G/H),q
X .
Definition 1.9. Let Y be a dualG-CW(γ) complex overX . The dual cellular chain
complex of Y is the chain complex CGγ+∗(Y ) of covariant Π̂GX-modules defined by
CGγ+k(Y )(q) = [Σ
∞
X S
γ(q)−L (G/H)+k,q
X ,Σ
∞
X Y
γ+k/XY
γ+k−1]GX
for |γ|+ k ≥ 0.
That this gives covariant Π̂GX-modules follows from the duality mentioned
above. Again, they are free modules generated by the centers of the dual cells.
It is now easy to define homology and cohomology groups. In the following
definition, if C is a contravariant Π̂GX-module and S is a covariant module, then
the tensor product is given by a coend:
C ⊗Π̂GX S =
∫ q∈Π̂GX
C(q)⊗ S(q).
Definition 1.10. Let Y be a G-CW(γ) complex over X , let S be a covariant
Π̂GX-module, and let T be a contravariant Π̂GX-module. Then we let
HGγ+k(Y ;S) = Hγ+k(C
G
γ+∗(Y )⊗Π̂GX S)
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and
Hγ+kG (Y ;T ) = H
γ+k HomΠ̂GX(C
G
γ+∗(Y ), T ).
We call these the ordinary homology and cohomology of Y . Similarly, if Y is a dual
G-CW(γ) complex, we let
H
G
γ+k(Y ;T ) = Hγ+k(C
G
γ+∗(Y )⊗Π̂GX T )
and
H
γ+k
G (Y ;S) = H
γ+k HomΠ̂GX(C
G
γ+∗(Y ), S).
We call these the dual ordinary homology and cohomology of Y .
We define relative and reduced homology and cohomology in the obvious ways,
by taking quotient chain complexes.
In [5] we show that these groups satisfy the axioms that qualify them as equi-
variant homology and cohomology theories on spaces over X , including suspension
isomorphisms that allow us to consider them, for a fixed γ, as RO(G)-graded. But,
we think of them as “RO(ΠGX)”-graded, where RO(ΠGX) is the group of virtual
representations of ΠGX . For X compact, every such virtual representation can be
written as γ − V for a representation V , so the suspension isomorphisms suffice.
For more general X it takes more work, done in [5].
We call these theories ordinary because they also satisfy dimension axioms.
Those axioms take the following forms, in which all isomorphisms are natural in
(G/H, q) ∈ Π̂GX and k is an integer:
H˜Gγ+k(S
γ(q),q
X ;S)
∼=
{
S(q) if k = 0
0 if k 6= 0
H˜γ+kG (S
γ(q),q
X ;T )
∼=
{
T (q) if k = 0
0 if k 6= 0
H˜
G
γ+k(S
γ(q)−L (G/H),q
X ;T )
∼=
{
T (q) if k = 0
0 if k 6= 0
H˜
γ+k
G (S
γ(q)−L (G/H),q
X ;S)
∼=
{
S(q) if k = 0
0 if k 6= 0
In the dual cases, we suspend the left-hand sides sufficiently so that subtracting
L (G/H) makes sense, and we use duality to reverse the variance and interpret
those left-hand sides as functors on Π̂GX . Using the fact that S
γ(q)−L (G/H),q
X
is the stable dual of S
γ(q),q
X , we can see that the dual of ordinary homology is
dual ordinary cohomology, not ordinary cohomology; similarly, the dual of ordinary
cohomology is dual homology. (See [5, §2.7] for a discussion of the homological
duality over X being used here.) Of course, this is a distinction that vanishes if G
is finite.
Among the many nice properties these theories have, we point out several useful
spectral sequences. The first are the Atiyah-Hirzebruch spectral sequences, for
which we need the following definition.
Definition 1.11. Let h˜G∗ be an RO(G)-graded homology theory on spaces over X
and let γ be a representation of ΠGX . For V a representation of G, we define the
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(V − γ)-coefficient system of h˜G∗ to be the covariant Π̂GX-module h
G
V−γ defined on
q : G/H → X by
hGV−γ(q) = h˜
G
V (S
γ(q),q
X ).
We define the dual (V − γ)-coefficient system to be the contravariant Π̂GX-module
hG,LV−γ defined by
hG,LV−γ(q) = h˜
G
V (S
γ(q)−L (G/H),q
X ).
(We use duality to view this as a contravariant functor in q.) Similarly, if h˜∗G is an
RO(G)-graded cohomology theory on spaces over X , we define coefficient systems
hV−γG and h
V−γ
G,L by
hV−γG (q) = h˜
V
G(S
γ(q),q
X )
and
hV−γG,L (q) = h˜
V
G(S
γ−L (G/H),q
X ).
If h˜G∗ and h˜
∗
G are represented by the same spectrum over X , then the duality
theory of [5, §2.7] shows that
hGV−γ
∼= h
V−γ
G,L and h
G,L
V−γ
∼= h
V−γ
G .
The following is [5, Theorem 3.3.16]. It comes from analyzing the exact couples
obtained by applying h˜ to the skeletal filtrations of ordinary or dual G-CW(γ)
complexes. We state the result for reduced theories, which implies analogous results
for the unreduced case.
Theorem 1.12 (Atiyah-Hirzebruch Spectral Sequences). Let h˜G∗ be an RO(G)-
graded homology theory on spaces over X and let Y be an ex-space over X. Then
we have strongly convergent spectral sequences
E2p,q = H˜
G
γ+p(Y ;h
G
q−γ)⇒ h˜
G
p+q(Y )
and
E2p,q = H˜
G
γ+p(Y ;h
G,L
q−γ )⇒ h˜
G
p+q(Y ).
Similarly, if h˜∗G is an RO(G)-graded cohomology theory on spaces over X, we have
conditionally convergent spectral sequences
Ep,q2 = H˜
γ+p
G (Y ;h
q−γ
G )⇒ h˜
p+q
G (Y )
and
Ep,q2 = H˜
γ+p
G (Y ;h
q−γ
G,L )⇒ h˜
p+q
G (Y ).

Also useful are the universal coefficients spectral sequences in which the universal
coefficients are the free Π̂GX-modules. We introduce the following notation, which
we will use periodically throughout this paper. We switch to unreduced theories,
which is the case we will use most, with analogous notations and results for the
relative and reduced cases.
Definition 1.13. For Y a G-space over X , write HG∗ (Y ) for the contravariant
Π̂GX-module whose value at q is
HG∗ (Y )(q) = H
G
∗ (Y ; Π̂GX(q,−)).
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Similarly, we have modules H G∗ (Y ), H
∗
G(Y ), and H
∗
G(Y ) defined by
H
G
∗ (Y )(q) = H
G
∗ (Y ; Π̂GX(−, q)),
H∗G(Y )(q) = H
∗
G(Y ; Π̂GX(−, q)), and
H
∗
G(Y )(q) = H
∗
G (Y ; Π̂GX(q,−)).
Note that HG∗ (Y ) is just the homology of C
G
∗ (Y ) considered as a chain complex
of Π̂GX-modules, and similarly for H
G
∗ (Y )(q).
The following is [5, Theorem 3.3.18] (with some additional cases). Here, TorΠ̂GX∗
and Ext∗
Π̂GX
are the derived functors of ⊗Π̂GX and HomΠ̂GX , respectively.
Theorem 1.14 (Universal Coefficients Spectral Sequences). Let Y be a G-space
over X, let S be a covariant Π̂GX-module, and let T be a contravariant Π̂GX-
module. Then we have the following natural spectral sequences:
E2p,q = Tor
Π̂GX
p (H
G
γ+q(Y ), S)⇒ H
G
γ+p+q(Y ;S)
E2p,q = Tor
Π̂GX
p (H
G
γ+q(Y ), T )⇒ H
G
γ+p+q(Y ;T )
Ep,q2 = Ext
p
Π̂GX
(HGγ+q(Y ), T )⇒ H
γ+p+q
G (Y ;T )
Ep,q2 = Ext
p
Π̂GX
(H Gγ+q(Y ), S)⇒ H
γ+p+q
G (Y ;S).
If Y is a finite ordinary or dual G-CW(γ) complex, as appropriate, we also have
the following natural spectral sequences:
Ep,q2 = Ext
p
Π̂GX
(Hγ−qG (Y ), S)⇒ H
G
γ−p−q(Y ;S)
Ep,q2 = Ext
p
Π̂GX
(H γ−qG (Y ), T )⇒ H
G
γ−p−q(Y ;T )
E2p,q = Tor
Π̂GX
p (H
γ−q
G (Y ), T )⇒ H
γ−p−q
G (Y ;T )
E2p,q = Tor
Π̂GX
p (H
γ−q
G (Y ), S)⇒ H
γ−p−q
G (Y ;S).

Combining univeral coefficients and the Atiyah-Hirzebruch spectral sequence
gives us a very useful corollary.
Corollary 1.15. Let f : Y → Z be a G-map of finite based G-CW complexes over
X. If any one of
f∗ : H
G
γ+∗(Y )→ H
G
γ+∗(Z)
f∗ : H
G
γ+∗(Y )→ H
G
γ+∗(Z)
f∗ : Hγ+∗G (Z)→ H
γ+∗
G (Y ) or
f∗ : H γ+∗G (Z)→ H
γ+∗
G (Y )
is an isomorphism (with ∗ ∈ Z), then so are the other three and so are all induced
maps in ordinary and dual homology and cohomology in these gradings, with any
coefficients. 
Finally, we record an algebraic lemma, a slight generalization of [23, Lemma 2.3].
Recall that we say that a Π̂GX-module C is free if it is a direct sum of represented
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modules, say
C ∼=
⊕
i
Π̂GX(−, pi).
We call the indexed collection {pi} a basis for C and say that the basis is G-free if
each pi : G/e→ X .
Lemma 1.16. Suppose that C∗ is a finitely-generated nonnegatively-graded chain
complex of free Π̂GX-modules, and assume that there is an integer µ ≥ 0 such that
(1) Hk(C∗) = 0 for all k 6= µ and
(2) Hµ+1(C∗;T ) = 0 for all Π̂GX-modules T .
Then Hµ(C∗) is a finitely generated stably free Π̂GX-module. Moreover, if the basis
elements for C∗ are all G-free, then Hµ(C∗) has a G-free stable basis.
Proof. All but the last sentence of the proof is essentially the same as that of [23,
Lemma 2.3], but we repeat it here for that last statement.
Let Zk and Bk be the submodules of Ck consisting of the cycles and boundaries,
respectively. For k ≤ µ we have short exact sequences
0→ Zk → Ck → Zk−1 → 0
and we have Z0 = C0. By induction, the above short exact sequence splits and Zk
is projective for every k ≤ µ. It follows that C∗ is chain homotopy equivalent to
the complex
· · · → Cµ+2 → Cµ+1 → Zµ → 0
and that the following complex of projective modules has 0 homology, hence is
contractible:
(1) 0→ Zµ−1 → Cµ−1 → Cµ−2 → · · · → C0 → 0.
By assumption, the cocycle Cµ+1 → Bµ is a coboundary, which gives a split-
ting Zµ → Bµ to the inclusion, hence Bµ is also projective. This gives us that
Hµ(C∗) ⊕ Bµ ∼= Zµ, so Hµ(C∗) is projective and finitely generated. We also get
that the following is a chain complex of projective modules with 0 homology, hence
is contractible:
(2) · · · → Cµ+2 → Cµ+1 → Bµ → 0.
The direct sum of complexes (1) and (2) is a contractible complex of projective
modules, hence ⊕
i
Cµ+2i+1 ∼= Bµ ⊕ Zµ−1
⊕
i6=0
Cµ+2i.
Adding Hµ(C
∗) to both sides, and using
Hµ(C
∗)⊕Bµ ⊕ Zµ−1 ∼= Zµ ⊕ Zµ−1 ∼= Cµ,
we get
Hµ(C∗)⊕
⊕
i
Cµ+2i+1 ∼=
⊕
i
Cµ+2i.
This shows thatHµ(C∗) is stably free. If we assume that C∗ has a G-free basis, then
the isomorphism above exhibits a stable basis of Hµ(C∗) that is also G-free. 
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2. Equivariant Poincare´ Duality Spaces
The homology and cohomology theories described in the previous section have
cup and cap products, though care has to be taken with the coefficient systems,
as discussed in detail in [5]. The special case we need is the following. Let AG/G
denote the coefficient system on any X defined by
AG/G(p : G/H → X) = ÔG(G/H,G/G) ∼= A(H).
Then, if X is a G-space and A and B are subspaces such that (A ∪ B;A,B) is an
excisive triad (or, A and B are subcomplexes of X), we have cap products
− ∩ − : HβG(X,A;T )⊗H
G
γ (X,A ∪B;AG/G)→ H
G
β−γ(X,B;T )
and
− ∩ − : H βG (X,A;S)⊗H
G
γ (X,A ∪B;AG/G)→ H
G
β−γ(X,B;S)
for any coefficient systems T and S.
The following is [5, Theorem 3.8.8].
Theorem 2.1 (Lefschetz Duality). Let M be a compact smooth G-manifold and let
τ be its tangent representation. Then there exists a fundamental class [M,∂M ] ∈
H Gτ (M,∂M ;AG/G) such that the following maps are all isomorphisms, for every
γ and every coefficient system:
− ∩ [M,∂M ] : HγG(M ;T )→ H
G
τ−γ(M,∂M ;T )
− ∩ [M,∂M ] : HγG(M,∂M ;T )→ H
G
τ−γ(M ;T )
− ∩ [M,∂M ] : H γG (M ;S)→ H
G
τ−γ(M,∂M ;S)
− ∩ [M,∂M ] : H γG (M,∂M ;S)→ H
G
τ−γ(M ;S).
Moreover, ∂[M,∂M ] ∈ H Gτ−1(∂M ;AG/G) is a fundamental class for ∂M , in that
the following maps are isomorphisms, for every γ and every coefficient system:
− ∩ ∂[M,∂M ] : HγG(∂M ;T )→ H
G
τ−γ−1(∂M ;T ) and
− ∩ ∂[M,∂M ] : H γG (∂M ;S)→ H
G
τ−γ−1(∂M ;S).

Fundamental classes are defined in [5] by the property that, for each point m ∈
M − ∂M , the restriction to
H
G
τ (M,M −Gm;AG/G)
∼= A(Gm)
is a generator. (It is this requirement that forces the fundamental class to live in
dual homology.) It is also shown there that a fundamental class is characterized by
its restrictions to subgroups and to fixed sets, as in the following. (These restriction
maps are discussed in detail in that source.)
Proposition 2.2. Let M be a compact smooth G-manifold and let τ be the tangent
representation of ΠGM . Then each of the following is equivalent to [M,∂M ] ∈
H Gτ (M,∂M ;AG/G) being a fundamental class:
(1) For every K ≤ G, [M,∂M ]|K ∈ H Kτ (M,∂M ;AK/K) is a fundamental
class of M as a K-manifold.
(2) For every K ≤ G, [M,∂M ]K ∈ H WKτK (M
K , ∂MK ;AWK/WK) is a funda-
mental class of MK as a WK-manifold.
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(3) For every K ≤ G, [M,∂M ]K |e ∈ HτK (M
K , ∂MK ;Z) is a fundamental
class of MK as a nonequivariant manifold (where HτK is twisted homology
in dimension |τK | if MK is not orientable). 
With these results in mind, we make the following definition. We use the notation
introduced in Definition 1.13.
Definition 2.3. Let (X, ∂X) be a pair of G-spaces and let τ be a representation
of ΠGX . We say that (X, ∂X) is a G-Poincare´ duality pair of dimension τ if
it is equivalent to a pair of finite G-CW(τ) complexes and there exists a class
[X, ∂X ] ∈ H Gτ (X, ∂X ;AG/G) such that
− ∩ [X, ∂X ] : HγG(X)→ H
G
τ−γ(X, ∂X) and
− ∩ ∂[X, ∂X ] : HγG(∂X)→ H
G
τ−γ−1(∂X)
are isomorphisms for every γ.
We call [X, ∂X ] a fundamental class for (X, ∂X). When ∂X = ∅, we call X
a G-Poincare´ duality space. The assumptions in the definition imply the other
isomorphisms we would like to have:
Proposition 2.4. If (X, ∂X) is a G-Poincare´ duality pair of dimension τ with
fundamental class [X, ∂X ], then the following are isomorphisms for all coefficient
systems:
− ∩ [X, ∂X ] : HγG(X ;T )→ H
G
τ−γ(X, ∂X ;T)
− ∩ [X, ∂X ] : HγG(X, ∂X ;T )→ H
G
τ−γ(X ;T )
− ∩ [X, ∂X ] : H γG (X ;S)→ H
G
τ−γ(X, ∂X ;S)
− ∩ [X, ∂X ] : H γG (X, ∂X ;S)→ H
G
τ−γ(X ;S)
− ∩ ∂[X, ∂X ] : HγG(∂X ;T )→ H
G
τ−γ−1(∂X ;T )
− ∩ ∂[X, ∂X ] : H γG (∂X ;S)→ H
G
τ−γ−1(∂X ;S).
Moreover, we have
(1) for every K ≤ G, (X, ∂X) is a K-Poincare´ duality space of dimension τ
with fundamental class [X, ∂X ]|K;
(2) for every K ≤ G, (XK , ∂XK) is aWK-Poincare´ duality space of dimension
τK with fundamental class [X, ∂X ]K;
(3) for every K ≤ G, (XK , ∂XK) is a nonequivariant Poincare´ duality space
of (possibly twisted) dimension τK with fundamental class [X, ∂X ]K |e.
Proof. The isomorphism HγG(X ;T )
∼= H Gτ−γ(X, ∂X ;T ) for every coefficient system
T follows from a comparison of universal coefficient spectral sequences. Looking at
the map − ∩ [X, ∂X ] on the chain level, we see that it induces a map of spectral
sequences
TorΠGXp (H
γ−q
G (X), T )
+3

Hγ−p−qG (X ;T )
−∩[X,∂X]

TorΠGXp (H
G
τ−γ+q(X, ∂X), T )
+3 H Gτ−γ+p+q(X, ∂X ;T )
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Examining the construction, we see that the map on the left is, as expected, induced
by the map
− ∩ [X, ∂X ] : Hγ−qG (X)→ H
G
τ−γ+q(X, ∂X)
which is an isomorphism by assumption. Hence, the map on E2 terms is an iso-
morphism, and so is the map on the right.
A similar argument establishes the isomorphism HγG(∂X ;T )
∼= H Gτ−γ−1(∂X ;T )
for all coefficient systems, and the isomorphism HγG(X, ∂X ;T)
∼= H Gτ−γ(X ;T ) fol-
lows from the long exact sequence of the pair (X, ∂X).
Similar universal coefficient and long exact sequence arguments show that the
remaining cap products induce isomorphisms.
Now let K ≤ G. To show that (X, ∂X) is a K-Poincare´ duality pair, we use
a comparison of Atiyah-Hirzebruch spectral sequences. Consider the cohomology
theory h∗G on G-spaces over X defined by
h∗G(Y ) = H
∗
K(Y ;T )
where T is a Π̂KX-module. Similarly, let k
G
∗ be the homology theory defined by
kG∗ (Y ) = H
K
∗ (Y ;T ).
Because homological duality is preserved when passing from G to K, we see that
we have an isomorphism hγ+qG
∼= k
G,L
−γ−q, as in the comment after Definition 1.11.
We can then construct the following comparison of spectral sequences:
HpG(X ;h
γ+q
G )
+3
∼=

Hγ+p+qK (X ;T )
−∩[X,∂X]

H Gτ−p(X, ∂X ; k
G,L
−γ−q) +3 H
K
τ−γ−p−q(X, ∂X ;T )
The map of E2 terms is induced by the duality isomorphism for (X, ∂X) as a G-
Poincare´ duality pair and the isomorphism of coefficient systems we noted. There-
fore, the map on the right is an isomorphism. Duality for (∂X, ∅) is then a special
case.
That (XK , ∂XK) is a WK-Poincare´ duality pair follows by a similar argument,
using the fact that Y 7→ H∗WK(Y
K ;S) is a homology theory on G-spaces. That
(XK , ∂XK) is also a nonequivariant Poincare´ duality pair follows by combining
with the previous case to forget the WK-action. 
3. The Spivak Normal Fibration
If a Poincare´ duality space or pair is homotopy equivalent to a manifold, then
it will have a vector bundle over it mapping to the normal bundle of the manifold.
For any Poincare´ duality pair, we can find a spherical fibration, the Spivak normal
fibration, that is a candidate to be the sphere bundle of this normal bundle, as we
now explain. We concentrate on the case of a space, but similar arguments apply
to pairs.
Definition 3.1. Let X be a finite G-CW complex. Embed X equivariantly in a
representation V with regular neigborhood U . Replace the projections p : U → X
and q : ∂U → X by a pair of fibrations Γp : E = ΓU → X and Γq : E0 = Γ∂U → X .
The fiberwise quotient, r : E/X E0 → X , is then the Spivak normal fibration.
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We want to show that, if X is a Poincare´ duality space and V is sufficiently large,
then the Spivak normal fibration is spherical. We will need the following results
about compact Lie groups.
Lemma 3.2. Let H and K be subgroups of G. Then, as an NGH-space, (G/K)
H
is a disjoint union of orbits of the form NGH/NK′H where K
′ is a G-conjugate of
K containing H.
Proof. First, if gK is a coset fixed by H , then its NGH-isotropy group is K
′ ∩
NGH = NK′H , where K
′ = gKg−1 must contain H . Hence, the orbit of gK has
the form NGH/NK′H .
Suppose that g1K and g2K are connected by a path in (G/K)
H . By [14, 1.1],
g2 = cg1 for some c in the centralizer of H . Therefore, g2K is in the NGH-orbit of
g1K. Thus, each component of (G/K)
H is a single orbit and (G/K)H is a disjoint
union of these orbits. 
Lemma 3.3. If V is a representation of G and H is a subgroup of G with |WH | <
∞, then there exists an isotropy subgroup K of V containing H such that V H = V K
and |WK| <∞.
Proof. Consider the set of allG-isotropy subgroups of points in V H (which necessar-
ily then all containH) and letK be a minimal subgroup in this collection. We claim
that |WK| <∞ because H ≤ K: Recall that L (G/H) denotes the tangent space
at eH ofG/H , considered as a representation ofH . To say that |WH | <∞ is equiv-
alent to saying that L (G/H)H = 0. Now, if L (G/K)K 6= 0, then L (G/K)H 6= 0.
But L (G/K) is isomorphic to an H-subspace of L (G/H), which would imply that
L (G/H)H 6= 0. Therefore, we conclude that L (G/K)K = 0 and that |WK| <∞.
Now let x ∈ V H be a point with isotropy K. We have that
Gx ∩ V H ∼= (G/K)H
as NGH-spaces. Further, by the preceding lemma, (G/K)
H is a disjoint union
of orbits of the form NGH/NK′H , where K
′ is conjugate to K and still contains
H . Because |WH | < ∞, each such orbit is also finite, hence (G/K)H is a finite
NGH-space.
Therefore, x has a neighborhood in V H that looks like an open subset of a repre-
sentation ofK, hence all the isotropy subgroups in this neighborhood are subgroups
of K. However, we chose K to be minimal, hence all the isotropy subgroups in this
neighborhood are equal to K. This shows that V K has the same dimension as V H ,
hence V K = V H . 
Now suppose that X is a G-Poincare´ duality space of dimension τ . If x ∈ X ,
write τx for the representation of Gx such that τ(x : G/Gx → X) = G×Gx τx.
Condition 3.4. We shall assume that X is embedded in a representation V such
that
(1) for each x ∈ X , V contains a copy of the Gx-representation τx;
(2) for each x ∈ X , |(V − τx)G| ≥ 2; and
(3) for each x ∈ X , V −τx has gaps of at least two in fixed set dimensions, i.e., if
H < K ≤ Gx and (V −τx)K 6= (V −τx)H , then |(V −τx)K | ≤ |(V −τx)H |−2.
We now have the following version of a nonequivariant result. It generalizes [4,
Theorem 2.2] to compact Lie group actions.
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Theorem 3.5. Assume X is a G-Poincare´ duality space of dimension τ embed-
ded in a representation V so large that it satisfies Condition 3.4. Then the Spivak
normal fibration r is fiber G-homotopy equivalent to a spherical G-fibration of di-
mension V − τ .
Proof. We begin by constructing a candidate t for the Thom class of r. Let U be
a regular neighborhood of X as in Definition 3.1. Since (U, ∂U) is a G-manifold of
dimension V , it has a fundamental class
[U, ∂U ] ∈ H GV (U, ∂U ;AG/G)
Take t ∈ HV−τG (E,E0;AG/G)
∼= HV−τG (U, ∂U ;AG/G) to be the Poincare´ dual of the
fundamental class [X ] ∈ H Gτ (X ;AG/G) ∼= H
G
τ (U ;AG/G), i.e.,
t ∩ [U, ∂U ] = [X ].
If K ≤ G we now take K fixed-sets throughout and appeal to the nonequivariant
result (given, for example, in [20, Theorem 9.31]), to show that the fixed sets of the
Spivak normal fibration are each nonequivariantly equivalent to spherical fibrations,
and in particular that
− ∪ tK |Fx : H
∗(x;Z)→ H˜ |V
K−τK|+∗(FKx ;Z)
is an isomorphism for each x ∈ XK , where
Fx = r
−1(x) = Γp−1(x)/Γq−1(x).
This shows that FKx is a homotopy |V
K − τK |-sphere for each x ∈ X and each
K ⊂ Gx.
The result now follows from the following theorem, which shows that Fx is Gx-
homotopy equivalent to V − τx for each x. 
Theorem 3.6. Let W be a representation of G with |WG| ≥ 2 and with gaps of at
least two in fixed set dimensions. Assume that F is a G-space with each FK ≃ SW
K
and that t is a class in H˜WG (F ;AG/G) such that t
K ∈ H˜W
K
(FK ;Z) is a generator
for all K. Then F ≃G SW .
Proof. To start, take a degree one map SW
G
→ FG and extend to a G-map
f : SW → F ; the obstructions to finding such an extension vanish for dimensional
reasons. By induction up fixed sets, we shall now adjust the degree of fK to be 1
for all isotropy subgroups K of W for which WK is finite.
Let K(W ) be a G-space representing H˜WG (−;AG/G) (i.e., the W th space of the
G-spectrum representing RO(G)-graded ordinary cohomology [10]). Restriction
to fixed sets in cohomology is represented by a (nonequivariant) map K(W )K →
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K(Z;WK). Consider the following diagram.
A(G)
πGWF
t∗
//


πGWK(W )
∏
(K) πWKF
K
∏
tK
∗
//
∼=
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
∏
(K) πWKK(W )
K
∏
(K) πWKK(Z,W
K)
∏
(K) Z
Here, the products are taken over the set of conjugacy classes of subgroups K with
WK finite. The fact that the arrow on the left is a monomorphism follows by tom
Dieck [21, Theorem 8.4.1] (which requires the gaps assumed in the statement of our
theorem), and similarly for the vertical composite on the right of the diagram. In
particular, the image of πGWF in
∏
(K) Z is a subgroup of the image of A(G), the
Burnside ring of G.
For the inductive step, let K be an isotropy subgroup of SW with WK finite,
and assume that we have a G-homotopy class [f ] ∈ πGW (F ) with the property that
deg(fJ ) = 1 for all isotropy subgroups J > K of SW . If L > K is not an isotropy
group of SW but has finite Weyl group WL, then, by Lemma 3.3, SW
L
= SW
J
for some isotropy subgroup J > K with WJ finite, and so deg(fL) = 1. Since K
is an isotropy subgroup of SW , tom Dieck’s Theorem 8.4.1 says that deg(fK) is
completely determined mod |WK| by the numbers deg(fL), L > K withWL finite.
Further, we can adjust f to realize any degree within this residue class, without
affecting the degrees on proper fixed subsets. On the other hand, the images of the
two elements [f ] and 1 ∈ A(G) in
∏
(K) πWKK(Z,W
K) agree for all L > K, and
so deg(fK) ≡ 1 mod |WK| because the image of πGWF is a subset of the image
of A(G) in
∏
(K) πWKK(Z,W
K). It now follows that we can adjust f so that its
degree on SW
K
is 1.
This induction leaves us with a map f : SW → F such that deg(fK) = 1 for every
subgroup K of G with WK finite. To show that f is a G-homotopy equivalence,
consider the following diagram.
H˜WG F
f∗
//

H˜WG S
W

H˜W
K
FK
(fK)∗
// H˜W
K
SW
K
We have f∗(t) = t∗f = 1 ∈ A(G), where t∗ is shown in the first diagram in
this proof, because elements of A(G) are determined by their fixed set degrees of
subgroups K with WK finite. It follows that (fK)∗(tK) = 1, and hence deg(fK) =
1, for every subgroup K of G. Thus, f is a G-homotopy equivalence. 
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We also have the following uniqueness result, which follows by the formal proof
in [1]. The embedding of X in V determines a collapse map SV → U/∂U ≃ E/E0.
The resulting class α in [SV , E/E0]G satisfies t ∩ α∗[SV ] = [X ].
Proposition 3.7. Let ξ be a (V − τ)-dimensional spherical fibration over the G-
Poincare´ duality space X, and let β be a class in πGV (Tξ) satisfying tξ ∩ β∗[S
V ] =
[X ]. Then there is a fiber homotopy equivalence b : ξ → r, unique up to fiber
homotopy, such that Tb∗(β) = α. 
Similar results for a Poincare´ duality pair (X, ∂X) can be proved in a like manner.
The first obstruction to a Poincare´ duality space or pair being G-homotopy
equivalent to a manifold is then the obstruction to the Spivak normal fibration
being stably spherically equivalent to a vector bundle. We shall not look at this
linearity obstruction further, but assume for the remainder that it vanishes.
So, now suppose that we have a (V − τ)-dimensional G-vector bundle ξ over
X and a spherical equivalence r → Sξ. As above, this leads to a collapse map
c : SV → Tξ. To proceed further we need the following condition (which is stated
in a form that will be useful for several purposes).
Definition 3.8. Let I (G) denote the set of irreducible representations of G. For
A ∈ I (G), let DA = EndG(A), the division algebra of G-endomorphisms of A, so
DA is either R, C, or H. Let dA = dimR DA, so dA is either 1, 2, or 4. If V is any
representation of G and A ∈ I (G), let
〈A, V 〉G = dimDA HomG(A, V ),
so the decomposition of V into irreducibles is
V ∼=
⊕
A∈I (G)
A〈A,V 〉G .
(1) A representation V of G is said to be ideal if, for every K ≤ G, we have
〈R, V 〉K − 〈R,L (G/K)〉K + 1 ≤ dA(〈A, V 〉K − 〈A,L (G/K)〉K + 1)
for every A ∈ I (K) such that 〈A, V 〉K 6= 0.
(2) A representation V of G is said to be strongly ideal if, for every K ≤ G, we
have
〈R, V 〉K + 1 < dA(〈A, V 〉K − 〈A,L (G/K)〉K + 1)
for every A ∈ I (K) such that 〈A, V 〉K 6= 0.
(3) We say that a representation τ of ΠGX is (strongly) ideal if, for every
p : G/K → X , if τ(p) = G×K τp, then τp is (strongly) ideal as a represen-
tation of K.
(4) We say that a manifold or, more generally, a Poincare´ duality space, is
(strongly) ideal if the associated (tangent) representation τ is (strongly)
ideal.
With this definition in hand, let us return to the collapse map c : SV → Tξ above.
If we suppose that X , hence τ , is strongly ideal, then it follows that the conditions
specified in [18, II.4.13] are satisfied and the obstructions to making c transverse to
the zero section vanish. Make c so transverse and let M = c−1(X). We then have
a a map f : M → X covered by a map b : ν → ξ, where ν is the normal bundle to
M in V . Thus, we have a trivialization t : TM ⊕ f∗ξ ∼= V . Further, as in [4, §3]
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it follows that f∗[M ] = [X ]. Thus, (f, ξ, t) is a “degree one normal map” as in the
following definitions.
Definition 3.9. Let (X, ∂X) and (Y, ∂Y ) be Poincare´ duality pairs of the same
dimension. A degree one map f : Y → X is a G-map such that f∗[Y, ∂Y ] = [X, ∂X ].
Definition 3.10. LetM be a compactG-manifold andX aG-space. A normal map
from M to X is a triple (f, ξ, t) where f : M → X is a G-map, ξ is a vector bundle
over X , and t : TM ⊕ f∗ξ ∼= U is a trivialization, where U is some representation
of G. We consider two normal maps equivalent if they differ only by stabilization
of ξ and t.
In sum, every G-Poincare´ duality pair has a spherical Spivak normal fibration,
but there is a possible obstruction to this fibration being linear. Assuming that this
obstruction vanishes, and assuming that the pair is strongly ideal as above, there
is a degree one normal map from a compact G-manifold to the pair. This is then
the starting point for G-surgery proper.
4. Homotopy Notions
In discussing surgery, particularly below the critical dimension, we need to know
what its effect is on homotopy groups. In this section we set up the necessary
machinery and show the effect of surgery in lower dimensions.
The homotopy groups we’re concerned about are the nonequivariant homotopy
groups of the components of the fixed sets. As nonequivariantly, we need to consider
them as acted upon by the fundamental group. Equivariantly, it’s most convenient
to capture that action by viewing the homotopy groups as functors on the funda-
mental groupoid, as follows.
Definition 4.1. If X is a G-space and n ≥ 0, let π¯nX denote the contravariant
functor on ΠGX whose value at x : G/H → X is
(π¯nX)(x) = πn(MapG(G/H,X), x) = πn(X
H , x)
where the group on the right (set, if n = 0) is the usual nonequivariant homo-
topy group (writing x as shorthand for x(eH) in that case). The action of a map
(α, ω) : (y : G/K → X)→ (x : G/H → X) is then given by
(α, ω)∗σ = σα ⊙ ω
where ⊙ denotes the usual action of a path on a homotopy element. (When n = 1,
this can be written as a concatenation of paths as
(α, ω)∗σ = ω−1 ∗ σα ∗ ω,
where we concatenate paths from right-to-left as we did in defining ΠGX .)
As usual, π¯nX is set-valued when n = 0, group-valued when n = 1, and abelian
group-valued when n ≥ 2.
A closely related idea is that of the system of covering spaces of X .
Definition 4.2. Let X be a G-space and suppose that each fixed set XH is locally
path connected and semi-locally simply connected (true, for example, if X is a
G-CW complex). Let X∗ be the contravariant functor on ΠGX whose value at
x : G/H → X is the path component of XH containing x(eH). Explicitly,
X∗(x) = XHx = {p : G/H → X | x ≃ p}.
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The action of a map (α, ω) : (y : G/K → X)→ (x : G/H → X) is given by
(α, ω)∗p = pα.
Note that, if λ : x→ p is a path in XH , then λα ∗ ω : y → pα is a path in XK .
Let X˜∗ denote the contravariant functor on ΠGX whose value at x : G/H → X
is the simply connected covering space of XHx . Explicitly,
X˜∗(x) = X˜Hx = {[λ] : G/H × I → X | λ(−, 0) = x}
where [λ] denotes a homotopy class of paths rel endpoints. As usual, we topologize
X˜∗(x) so that the endpoint projection X˜Hx → X
H
x is a covering space, in fact
the universal covering space. The action of a map (α, ω) : (y : G/K → X) →
(x : G/H → X) is then given by
(α, ω)∗λ = λα ∗ ω.
Now, let’s look more closely at the action of ΠGX on X˜
∗. Fix an x : G/H → X
and write Aut(x) = ΠGX(x, x), the automorphism group of x as an object of ΠGX .
(Recall that every self-map in ΠGX is an isomorphism, i.e., ΠGX is an EI-category
as in [12].) From the definitions, we have
Aut(x) = {(α, ω) | α : G/H → G/H and ω : x→ xα}.
We have an inclusion π1(X
H , x) → Aut(x) as a normal subgroup, given by ω 7→
(id, ω). The quotient group is WxH , the subgroup of WH = NH/H that takes
XHx to itself. (Here, we identify α : G/H → G/H with n
−1H ∈ NH/H such that
α(eH) = nH ; we need to take the inverse to make this an isomorphism.) That is,
we have an extension
1→ π1(X
H , x)→ Aut(x)→WxH → 1.
Note thatWxH includes the identity component ofWH , so has the same dimension
asWH . Aut(x) is a not-necessarily compact Lie group of that dimension, being the
extension of WxH by a discrete group. This extension need not split: Consider, for
example, the free action of S1 on itself by multiplication and take x = id: S1 → S1.
Then H = e, WxH = S
1, π1(S
1, x) ∼= Z, and Aut(x) ∼= R, so that the exact
sequence above is
0→ Z→ R→ S1 → 0.
Because Aut(x) is the automorphism group of x, it acts on X˜∗(x) = X˜Hx . How-
ever, X˜∗ is a contravariant functor, so we should view this as a right action and
write
λ · (α, ω) = λα ∗ ω.
This extends the usual free action of π1(X
H , x) and is compatible with the ac-
tion of WxH on X
∗(x), in the sense that the projection X˜Hx → X
H
x is Aut(x)-
equivariant, where Aut(x) acts on XHx via the projection Aut(x) → WxH . (We
think of WH as acting on the right on XH via p · nH = n−1p.) This is a principal
(π1(X
H , x); Aut(x))-bundle in the language of [13].
If we take x to be the basepoint in each X˜∗(x), the action of ΠGX does not
preserves basepoints. However, because each X˜∗(x) is simply connected, we can
still take πn(X˜
∗(x), x) and obtain a well-defined functor π¯nX˜
∗ on ΠGX . Of course,
π¯0X˜
∗ and π¯1X˜
∗ are trivial. More interestingly, the projection X˜∗ → X∗ induces an
isomorphism π¯nX˜
∗ → π¯nX for n ≥ 2. This is a simple corollary of the nonequiv-
ariant result.
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We now turn to relative notions and long exact sequences.
Definition 4.3. Let ϕ : X → Y be a G-map. For x : G/H → X , let F (ϕH , x)
denote the (nonequivariant) homotopy fiber of the based map
(MapG(G/H,X), x)→ (MapG(G/H, Y ), ϕx).
That is,
F (ϕH , x) = {(p, λ) | p : G/H → X and λ : ϕx→ ϕp},
where we take actual paths λ : G/H × I → Y , not homotopy classes. We write x
again for the point (x, ϕx), where ϕx denotes the constant path at ϕx, and use
this as the basepoint. For a morphism (α, ω) : (x′ : G/K → X)→ (x : G/H → X),
take a specific choice of representative η ∈ ω to get a map (α, η)∗ : F (ϕH , x) →
F (ϕK , x′), defined by
(α, η)∗(p, λ) = (pα, λα ∗ ϕη).
Although this is not a based map, η gives a preferred path from x′ to (α, η)∗x. For
n ≥ 1, let π¯nϕ be the contravariant functor on ΠGX whose value at x is
(π¯nϕ)(x) = πn−1F (ϕ
H , x).
The action of a map (α, ω) is the action of a representative (α, η) as above, using
the preferred path determined by η to move to the proper basepoint. One can check
that this gives a well-defined functor after passing to homotopy classes.
We now get the following immediately from the nonequivariant long exact ho-
motopy sequence. The functor ϕ∗π¯nY is the pullback of π¯nY to ΠGX .
Proposition 4.4. If ϕ : X → Y is a G-map, then we have a long exact sequence
of functors on ΠGX,
· · · → π¯nX → ϕ
∗π¯nY → π¯nϕ→ π¯n−1X → · · · → π¯1ϕ→ π¯0X → ϕ
∗π¯0Y.

Here, by a long exact sequence of functors we mean a sequence that is exact
when evaluated at each object of ΠGX . It is exact at π¯1ϕ and π¯0X in the usual
sense.
We will often use the following more explicit description of elements of π¯nϕ. If
x : G/H → X , an element of (π¯nϕ)(x) can be represented as the homotopy class of
a pair of maps (α, β) that fit into a commutative diagram of the following form:
G/H × Sn−1
i

α
// X
ϕ

G/H ×Dn
β
// Y
where α|(G/H × ∗) = x.
We will also need to discuss the homotopy groups of squares, which can be defined
similarly to Definition 4.3 and participate in the expected long exact sequences. In
practice, we think of them as follows. Suppose that Φ is the following square of
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G-maps:
A
i
//
ϕ

X
ψ

B
j
// Y.
For n ≥ 2, consider the disc Dn and decompose its boundary sphere as
∂Dn = Dn−1+ ∪Sn−2 D
n−1
− ,
where Sn−2 is the equator, Dn−1+ is the upper hemisphere, and D
n−1
− is the lower
hemisphere. Taking a basepoint on the equator, an element of π¯nΦ(a : G/H → A)
is the based homotopy class of a diagram of the following form:
G/H × Sn−2
α
//
yytt
t
t
t
t
t
t
t

A
ϕ

i
yytt
t
t
t
t
t
t
t
t
t
t
G/H ×Dn−1−
γ
//

X
ψ

G/H ×Dn−1+ β
//
yytt
tt
tt
tt
tt
B
j
yytt
t
t
t
t
t
t
t
t
t
t
G/H ×Dn
δ
// Y
Note that we can also write π¯nΦ = π¯n(ψ, ϕ) = π¯n(j, i).
We give a general definition of what we mean by doing surgery on a map from
a manifold to a space. Later we shall define what we mean by doing surgery on
a relative homotopy element. Here and throughout, we write | − | for the integer
dimension of a vector space, manifold, or orbit of G.
Definition 4.5. Let M be a G-manifold, let X be a G-space, and let f : M → X
be a G-map. Suppose that we have the following diagram:
G×H (S(V )×D(W ))
α¯
//
i

M
f

G×H (D(V )×D(W ))
β¯
// X
where V and W are representations of H with |M | = |V | + |W | + |G/H | − 1, and
α¯ is a smooth embedding in the interior of M . Let
N = (M × I) ∪α¯×1 G×H (D(V )×D(W ))
with ∂N =M∪(∂M×I)∪M ′, and use projection toM and β¯ to extend f to a map
f¯ : N → X (well-defined up to homotopy). Write f ′ : M ′ → X for the restriction of
f¯ to M ′. We call f : M ′ → X the result of doing surgery on (α¯, β¯) and f¯ : N → X
the trace of the surgery.
Note that this definition is symmetrical in M and M ′, as there is an embedding
α¯′ : G×H (D(V )× S(W ))→M
′
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and we can view N as the trace of a surgery on (α¯′, β¯), with result M .
Next, we need to review a bit of algebra. Write ΠGX-Mod ambiguously for the
category of contravariant functors on ΠGX taking values in sets, groups, or abelian
groups. We mentioned above that a G-map ϕ : X → Y induces a pullback functor
ϕ∗ : ΠGY -Mod→ ΠGX-Mod.
This functor has a left adjoint
ϕ! : ΠGX-Mod→ ΠGY -Mod
that can be defined via a coend:
(ϕ!T )(y) =
∫ x∈ΠGX
ΠGY (y, ϕ(x)) × T (x).
Here, we need to interpret ΠGY (y, ϕ(x)) × T (x) as
(1) a product of sets, when T is set-valued;
(2) the coproduct
∐
λ∈ΠGY (y,ϕ(x))
T (x) of groups, when T is group-valued;
(3) the direct sum
⊕
λ∈ΠGY (y,ϕ(x))
T (x) of abelian groups, when T is abelian
group-valued, which can also be thought of as the tensor product
ZΠGY (y, ϕ(x)) ⊗ T (x).
One of the most interesting properties of ϕ! is that it preserves represented functors:
ϕ!ΠGX(−, x) = ΠGY (−, ϕ(x)).
Similarly, for a fixed X , consider a subgroup K ≤ G. There is a functor
iGK : ΠKX → ΠGX
given by iGKp = G ×K p when p : K/H → X , and similarly on morphisms. This
induces the restriction map
ResGK = (i
G
K)
∗ : ΠGX-Mod→ ΠKX-Mod
and its left adjoint, the induction map
IndGK = (i
G
K)! : ΠKX-Mod→ ΠGX-Mod.
Induction can again be defined explicitly using a coend:
(IndGK T )(p) =
∫ q∈ΠKX
ΠGX(p, i
G
Kq)× T (q),
and IndGK preserves represented functors:
IndGK ΠKX(−, p) = ΠGX(−, i
G
Kp).
Returning to surgery, we compare the homotopy groups of the trace of a surgery
to those of the original map. As in Definition 4.5, we suppose that we have done
surgery on a diagram
G×H (S(V )×D(W ))
α¯
//
i

M
f

G×H (D(V )×D(W ))
β¯
// X
with trace f¯ : N → X . Up to homotopy, we have
N ≃G M ∪α (G×H D(V ))
EQUIVARIANT SURGERY FOR COMPACT LIE GROUPS 23
where α is the restriction of α¯ to G×H (S(V )× 0), and, up to homotopy, f¯ is the
map from this pushout to X . We think of this as attaching a V -cell to M . We
therefore look at the following general situation.
Proposition 4.6. Let V be a representation of H ≤ G with n = |V H | ≥ 1. Let X
and Y be G-spaces and suppose that we have the following diagram of G-maps:
G×H S(V )
α
//
i

X
f

G×H D(V )
β
// Y
let X ′ = X∪α (G×HD(V )) be the result of attaching a cell along α, let f ′ : X ′ → Y
be the induced map, and let Φ be the induced square:
X
ϕ
//
f

X ′
f ′

Y Y
Then ϕ∗ : ΠGX → ΠGX ′ is essentially surjective over OG and π¯0X → ϕ∗π¯0X ′ is
(objectwise) surjective. Further,
(1) if n = 1, then π¯1f → ϕ∗π¯1f ′ is surjective and the following is an exact
sequence of functors on ΠGX in the usual sense, where the first map is
induced by (α, β):
α! Ind
G
H π¯1(D(V ), S(V ))→ π¯1f → ϕ
∗π¯1f
′;
(2) if n = 2, then π¯2Φ = 0, π¯1f ∼= ϕ∗π¯1f ′, and the following is an exact
sequence of functors on ΠGX, where the first map is induced by (α, β):
α! Ind
G
H π¯2(D(V ), S(V ))→ π¯2f → ϕ
∗π¯2f
′ → 0;
and
(3) if n ≥ 3, then
(a) ΠGX
′ is equivalent to ΠGX over OG,
(b) π¯kΦ = 0 for 2 ≤ k ≤ n, π¯kf ∼= π¯kf ′ for 1 ≤ k ≤ n− 1, and
(c) the following is an exact sequence of functors on ΠGX, where the first
map is induced by (α, β):
α! Ind
G
H π¯n(D(V ), S(V ))→ π¯nf → π¯nf
′ → 0.
Proof. The statements about ΠGX → ΠGX ′ are clear because V H 6= 0, and jus-
tify considering π¯kX
′ to be a functor on ΠGX in part (3) of the statement. The
surjectivity of π¯0X → ϕ∗π¯0X ′ and of π¯1f → π¯1f ′ for all n are also clear.
The claimed isomorphisms π¯kf ∼= π¯kf ′ follow from the claimed vanishings of
π¯kΦ and the long exact sequence. There is another long exact sequence in which
π¯∗Φ participates, in which the other two terms are π¯∗ϕ and π¯∗(1Y ) = 0. From this
it follows that π¯kΦ ∼= π¯k−1ϕ, and we show that the latter vanishes in the range
claimed.
So, consider π¯kϕ for 1 ≤ k ≤ n − 1. A typical element of (π¯kϕ)(x : G/K → X)
can be thought of, in adjoint form, as the homotopy class of a nonequivariant
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diagram of based spaces (taking the north pole as the basepoint of Sk−1) of the
following form:
Sk−1

γ
// (XK , x)
ϕ

Dk
δ
// ([X ∪α (G×H D(V ))]
K , x)
Such a diagram will represent the trivial element if δ fails to meet the center of the
disc, (G/H×0)K . This is a disjoint union ofWK-orbits, associated with conjugates
of K lying in H . Letting K act on V through such a conjugate, the codimension of
the correponding orbit in the disc is |V K | ≥ |V H | > k, so, for dimensional reasons,
δ is homotopic to a map missing the center of the disc, and all such diagrams are
trivial. Therefore, π¯kϕ = 0 for 1 ≤ k ≤ n− 1 as claimed.
From the long exact homotopy sequence, we now get an exact sequence
π¯n+1Φ→ π¯nf → ϕ
∗π¯nf
′ → 0,
which we can write as
π¯nϕ→ π¯nf → ϕ
∗π¯nf
′ → 0,
Consider the map α! Ind
G
H π¯n(D(V ), S(V ))→ π¯nϕ induced by (α, β) Suppose that
we have an element of (π¯nϕ)(x : G/K → X), represented by the following nonequiv-
ariant diagram:
Sn−1

γ
// (XK , x)
ϕ

Dn
δ
// ([X ∪α (G×H D(V ))]K , x)
If K acts on V through a conjugate contained in H , we will have |V K | ≥ |V H | = n,
so δ may well hit the center of the disc. If it does, for dimensional reasons we may
assume (after homotopy) that it does so at a finite number of isolated points in the
interior of Dn, at each of which it meets (G/H × 0)K transversely. We can then
homotope δ so that a small ball around each of these points is mapped homeomor-
phically to gH × D(V K) for some g ∈ G, while the rest of Dn is mapped to the
boundary sphere α(G/H×S(V H)) except for a tail connecting x(eK) to the sphere.
This exactly describes a sum of elements coming from α! Ind
G
H π¯n(D(V ), S(V )),
showing that
α! Ind
G
H π¯n(D(V ), S(V ))→ π¯nϕ
is onto, hence
α! Ind
G
H π¯n(D(V ), S(V ))→ π¯n−1X → ϕ
∗π¯n−1X
′ → 0
is exact as claimed. 
Corollary 4.7. Let M be a G-manifold, let X be a G-space, and let f : M → X
be a G-map. Let V be a representation of H ≤ G with n = |V H | ≥ 1. Consider the
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following diagram:
G×H (S(V )×D(W ))
α¯
//
i

M
f

G×H (D(V )×D(W ))
β¯
// X
where α¯ is an embedding with |M | = |V |+ |W | + |G/H | − 1, and let f ′ : M ′ → X
be the result of doing surgery on (α¯, β¯). Let m = |V H | + |WH | + |(G/H)H | − 1,
so m is the dimension of the components of MH containing the image of αH . Let
w = |WH | = |(G/H)H |. If 2n < m − w + 1, which we can also write (for later
purposes) as
n ≤
{
⌊(m− w + 1)/2⌋ if m− w is even
⌊(m− w + 1)/2⌋ − 1 if m− w is odd,
then
(1) π¯kf ∼= π¯kf ′ for 1 ≤ k ≤ n− 1 and
(2) there is an exact sequence
α! Ind
G
H π¯n(D(V ), S(V ))→ π¯nf → π¯nf
′ → 0.
Proof. Let f¯ : N → X be the trace of the surgery. As we pointed out earlier, we
have
N ≃G M ∪ (G×H D(V ))
and also
N ≃G M
′ ∪ (G×H D(W )).
From the first equivalence and Proposition 4.6, we see that π¯k f¯ ∼= π¯kf for 1 ≤ k ≤
n− 1 and that we have an exact sequence
α! Ind
G
H π¯n(D(V ), S(V ))→ π¯nf → π¯nf¯ → 0.
Now consider the second equivalence and let p = |WH |. Our assumptions imply that
p > n, so by Proposition 4.6 again, we have π¯kf¯ ∼= π¯kf ′ for 1 ≤ k ≤ n. Substituting
π¯kf
′ for π¯k f¯ and π¯nf
′ for π¯nf¯ above gives the claims of the corollary. 
We interpret this result as follows: Fix a basepoint in S(V )H , so the group
πn(D(V )
H , S(V )H) is generated by the identity (Dn, Sn−1)
∼=
−→ (D(V )H , S(V )H).
Composing with the adjoint maps (αˆ, βˆ) gives us a map (Dn, Sn−1) → fH , hence
a homotopy element [αˆ, βˆ] ∈ πn(fH , x) where x is the image of the basepoint.
The effect of doing surgery on (α, β) is then to leave the homotopy groups below
dimension n unchanged and, in dimension n, to kill not just [αˆ, βˆ], but the whole
ΠGX-module it generates.
Concentrating on just πn(f
H , x), recall that we have an action of Aut(x) on this
group. Here, the effect of surgery is to kill the Aut(x)-module generated by [αˆ, βˆ].
This is the generalization of the nonequivariant result [1, IV.1.5], that surgery kills
the π1X-module generated by an element.
Having discussed the homotopy groups of the fixed sets, we also need a brief
discussion of their homology groups. We will be interested in homology with “uni-
versal local coefficients,” and there are two ways of looking at this. One is to
consider the homology of the universal covering spaces. Let X be a G-space such
that each XH is locally path connected and semi-locally simply connected. Recall
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that we then have the contravariant functor X˜∗ on ΠGX whose value X˜
∗(x) at
x : G/H → X is the simply-connected covering space of XH based at x. Applying
homology with Z coefficients, we get the contravariant functor H∗(X˜
∗;Z). Because
Aut(x) acts on X˜∗(x), we get an action of π0Aut(x) on H∗(X˜
∗(x);Z), so we can
think of the homology groups as Zπ0 Aut(x)-module. This is the generalization of
the nonequivariant view of H∗(X˜ ;Z) as a Zπ1(X)-module, but note that π0 Aut(x)
is not π1(X
H
x , x); it contains a quotient of π1(X
H
x , x) and will be larger than that
quotient if WxH is not connected.
Alternatively, we can consider the local coefficient system ZΠXH(x,−) on XHx .
Nonequivariantly, we know that we have the isomorphism
H∗(X
H
x ;ZΠX
H(x,−)) ∼= H∗(X˜
∗(x);Z).
(However we define the left-hand side, the isomorphism is a consequence of the Serre
spectral sequence for the covering X˜ → X .) We can view H∗(XHx ;ZΠX
H(x,−)) as
a contravariant functor of x as follows: Recall that the action of (α, ω) : (y : G/K →
X) → (x : G/H → X) on X∗ is given by (α, ω)∗(p : G/H → X) = pα. We then
define (α, ω)∗ : ΠXH(x,−) → ΠXK(y,−) on a path λ : G/H × I → X starting at
x by
(α, ω)∗λ = λα ∗ ω,
a by-now familiar formula. It’s now easy to check that the map
(α, ω)∗ : ZΠXH(x,−)→ ZΠXK(y,−)
is a map of local coefficient systems over the map (α, ω)∗ : XHx → X
K
y . Taking the
induced map on homology makes H∗(X
H
x ;ZΠX
H(x,−)) a contravariant functor on
ΠGX isomorphic to the functor H∗(X˜
∗;Z) above.
We memorialize this discussion and introduce notation in the following definition.
Definition 4.8. Let X be a G-space. When we write H∗(X
∗) or H∗(X
H
x ) without
coefficients, we shall mean the contravariant functor on ΠGX defined by
H∗(X
∗)(x) = H∗(X
H
x ;ZΠX
H
x (x,−)) ∼= H
∗(X˜∗(x);Z).
Similarly, when we write H∗(X∗) or H∗(XHx ), we shall mean the covariant functor
defined by
H∗(X∗)(x) = H∗(XHx ;ZΠX
H(−, x)) ∼= H∗(X˜∗(x);Z).
We call these the fixed-set homology and cohomology groups of X. We use similar
definitions for relative homology and cohomology, and homology and cohomology
of squares.
Notice that the nonequivariant Hurewicz map induces a natural transformation
πk(X)→ Hk(X
∗)
for k ≥ 2. The easiest way to see this is to note that πk(XHx , x)
∼= πk(X˜Hx ) for
k ≥ 2 and then apply the Hurewicz map to X˜Hx . (There are similar maps available
for k = 0 and 1, but we should not need them.) In particular, note that, for any
x : G/H → X and k ≥ 2,
πk(X
H
x , x)→ Hk(X
H
x ;ZΠX(x,−))
is a map of Zπ0 Aut(x)-modules.
We can now state the following criteria for a map to be a homotopy equivalence.
We use the notation from Definition 1.13 as well as the notation above.
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Theorem 4.9. Let f : X → Y be a G-map between spaces of the homotopy types
of G-CW complexes. Suppose that f∗ : ΠGX → ΠGY is an equivalence over OG.
Then the following are equivalent:
(1) f : X → Y is a G-homotopy equivalence.
(2) f∗ : H
G
∗ (X)→ H
G
∗ (Y ) is an isomorphism in integer grading.
(3) f∗ : H∗(X
∗)→ H∗(Y ∗) is an isomorphism (in integer grading).
Proof. (1) clearly implies both (2) and (3).
(2) implies (3) by universal coefficients and the Atiyah-Hirzebruch spectral se-
quence.
Assuming (3), we have, for every subgroup H , that fH : XH → Y H is, nonequiv-
ariantly, an equivalence on fundamental groupoids and induces an isomorphism on
homology with local Zπ1X-coefficients. Therefore, by the Hurewicz isomorphism
for pairs, fH is a nonequivariant homotopy equivalence for all H , which implies
(1). 
5. The Surgery Step
We now define what we mean by surgery on a homotopy element and examine
under what circumstances such surgery is possible.
Definition 5.1. Let M be a compact G-manifold, let X be a G-space, and let
(f, ξ, t) : M → X be a normal map (as in Definition 3.10). Let [α, β] ∈ π¯nf be
represented by the following diagram:
G/H × Sn−1

α
// M
f

G/H ×Dn
β
// X
To say that we can do surgery on [α, β] is to say first that α is homotopic to a map
that can be thickened to an embedding
α¯ : G×H (S
n−1 ×D(W ))→M
in the interior ofM , for some representationW ofH with |M | = n+|W |+|G/H |−1.
Using the contractibility of D(W ), we extend β to get the following diagram:
G×H (Sn−1 ×D(W ))

α¯
// M
f

G×H (Dn ×D(W ))
β¯
// X
We then do surgery on (α¯, β¯) in the sense of Definition 4.5, with f ′ : M ′ → X being
the result of the surgery and f¯ : N → X its trace. Orienting I upwards, we have
the trivialization
t⊕ R : T (M × I)⊕ f∗ξ ∼= TM ⊕ R⊕ f∗ξ
∼=
−→ U ⊕ R.
We then require that we can extend t ⊕ R over all of N (possibly after stabilizing
further) to get a trivialization
t¯ : TN ⊕ f¯∗ξ
∼=
−→ U ⊕ R.
28 STEVEN R. COSTENOBLE AND STEFAN WANER
Restricting t¯ to the boundary and using the outward normal along M ′, we get a
trivialization
t′ : TM ′ ⊕ (f ′)∗(ξ ⊕ R) ∼= U ⊕ R,
hence a normal map (f ′, ξ ⊕ R, t′) : M ′ → X .
The question we address in this section is: Given an element of π¯nf , under what
conditions can we do surgery on it? We first need some results on destabilization
of bundle maps.
Proposition 5.2. Let D = R, C, or H, and let d = dimR D. Let Z be a nonequivari-
ant CW complex with n-dimensional D-bundles ζ and ξ and a bundle isomorphism
f : ζ ⊕ Dk → ξ ⊕ Dk for some k ≥ 0. If dimZ < d(n + 1) − 1, then there exists a
bundle isomorphism f ′ : ζ → ξ such that f ≃ f ′ ⊕ Dk.
Proof. Write Γ(m) for O(m), U(m), or Sp(m), if D = R, C, or H, respectively. For
any m, the fibration BΓ(m)→ BΓ(m+1) has fiber Sd(m+1)−1, so is [d(m+1)− 1]-
connected. Hence the map BΓ(n) → BΓ(n + k) is [d(n + 1) − 1]-connected. It
follows from the Whitehead theorem that [Z,BΓ(n)] ∼= [Z,BΓ(n + k)] if dimZ <
d(n+ 1)− 1, from which the proposition follows. 
In the following we use again the notation from Definition 3.8.
Corollary 5.3. Suppose that Z is a nonequivariant CW complex considered as a
G-space with trivial action. Let ξ be a G-vector bundle over Z, let V and W be
representations of G, and suppose that we have a trivialization c : ξ⊕W → V ⊕W .
If
dimZ < dA(〈A, V 〉G + 1)− 1
for all A ∈ I (G) such that 〈A, V 〉G > 0 and 〈A,W 〉G > 0, then there exists a
trivialization c′ : ξ → V such that c ≃ c′ ⊕W .
Proof. Because G acts trivially on Z, we can decompose ξ as
ξ ∼=
⊕
A∈I (G)
A⊗DA HomG(A, ξ).
Writing cA = HomG(A, c), we get
cA : HomG(A, ξ)⊕ D
〈A,W 〉G
A
∼=
−→ D
〈A,V 〉G
A ⊕ D
〈A,W 〉G
A .
By the preceding proposition and our assumption on the dimension of Z, there is
a bundle map
c′A : HomG(A, ξ)
∼=
−→ D
〈A,V 〉G
A
such that cA ≃ c
′
A⊕D
〈A,W 〉G
A . (The cases where either 〈A, V 〉G = 0 or 〈A,W 〉G = 0
are trivial.) Tensoring with A and summing over all A, we get the c′ we claimed. 
This then allows us to prove the following lemma. We use the notion of “ideal”
defined in Definition 3.8. In the following we use the notation VH for the orthogonal
complement of V H in V .
Lemma 5.4. Let M be an ideal G-manifold, let α : G/H × Sn−1 → M be a G-
map, and let αˆ : Sn−1 → MH be the (nonequivariant) adjoint map. Suppose that
the image of αˆ lies in the space of points with isotropy exactly H. Write MHα for
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the component of MH containing the image of αˆ. Suppose that we have a stable
H-trivialization
c : αˆ∗TM ⊕W
∼=
−→ V ⊕W.
If
n ≤ |MHα | − |WH |,
then there exists a trivialization
c′ : (αˆ∗TM)H −L (G/NH)
∼=
−→ VH −L (G/NH)
such that cH ≃ c′ ⊕L (G/NH)⊕WH .
Proof. The map α induces a bundle monomorphism Sn−1 × L (G/H) →֒ αˆ∗TM ,
by our assumption that all points in the image of αˆ have isotropy H . Because
L (G/H)H = L (G/NH), we get that S
n−1×L (G/H) is a subbundle of (αˆ∗TM)H ,
which we used in stating the conclusion of the lemma. Using the isomorphism c,
restricted to any fiber, we see that L (G/NH) must also be a subrepresentation of
V .
The trivialization c restricts to a bundle isomorphism
cH : ((αˆ
∗TM)H −L (G/NH))⊕ (L (G/NH)⊕WH)
∼=−→ (VH −L (G/NH))⊕ (L (G/NH)⊕WH).
We now want to apply Corollary 5.3. Let x be a point in the image of αˆ and let
τx be the tangent H-representation at x. By assumption, and using that |WH | =
|L (G/H)H |, we have
n− 1 < 〈R, τx〉H − 〈R,L (G/H)〉H ≤ dA(〈A, τx〉H − 〈A,L (G/H)〉H + 1)− 1
for A 6= R. Therefore, with Z = Sn−1, we can apply Corollary 5.3 to obtain the
conclusion of this lemma. 
Now we can state and prove the main result of this section.
Theorem 5.5. Let M be an ideal G-manifold, let X be a G-space, and suppose
that (f, ξ, t) : M → X is a normal map. Let [α, β] ∈ π¯n(f)(x : G/H → M), so α
and β fit in the following diagram:
G/H × Sn−1
i

α
// M
f

G/H ×Dn
β
// X
Let MHx denote the component of M
H containing x(eH) and let WxH denote the
subgroup ofWH carryingMHx to itself. Let m = |M
H
x | and let w = |WxH | = |WH |.
Suppose that
n ≤ m− w − 1
and
n ≤ m− w − |(MHx )
K |
for every K strictly containing H. Then
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(1) α is homotopic to a map that can be thickened to an immersion
γ : G×H (S
n−1 ×Dm−w−n+1 ×D(W ))→M
for some H-representation W with WH = 0, and γ is unique up to regular
homotopy; and
(2) if γ can be taken to be an embedding, then we can do surgery on [α, β].
Proof. We start with the first statement. Consider the following adjoint diagram
of nonequivariant maps:
Sn−1
i

αˆ
// MHx
fH

Dn
βˆ
// XH
If K strictly contains H , then the WxH-orbit of (M
H
x )
K has dimension no more
than w + |(MHx )
K | < m − (n − 1). Because αˆ can meet only finitely many orbit
types in MHx , it now follows for dimensional reasons that αˆ is homotopic to a map
that misses all fixed points by subgroups strictly larger than H . Hence, we may
assume that the image of αˆ lies in M˘Hx , the open submanifold of M
H
x consisting of
points with isotropy exactly H .
The trivialization t pulls back to a trivialization
α∗t : α∗TM ⊕ α∗f∗ξ
∼=
−→ G×H U.
Because Dn is contractible, we also have a trivialization
α∗f∗ξ = i∗β∗ξ
∼=
−→ G×H V
for some H-representation V , so we have
α∗TM ⊕ (G×H V )
∼=
−→ G×H U.
Note that this implies that U contains a copy of V as a subrepresentation.
Restrict to Sn−1 and take H-fixed points, to get
αˆ∗TMH ⊕ V H
∼=
−→ UH .
Because WxH acts freely on M˘
H
x , the quotient M˘
H
x /WxH is again a manifold, and
the projection q : M˘Hx → M˘
H
x /WxH induces a splitting
TM˘Hx
∼= q∗T (M˘Hx /WxH)⊕L (WH).
Hence, we have an isomorphism
αˆ∗q∗T (M˘Hx /WxH)⊕L (WH)⊕ V
H ∼=−→ UH .
On the other hand, consider the nonequivariant manifolds Sn−1 × Dm−w−n+1
and Dn ×Dm−w−n+1. Because m− w − n+ 1 ≥ 1, we can find trivializations
T (Sn−1 ×Dm−w−n+1)
∼=
−→ Rm−w
and
T (Dn ×Dm−w−n+1)
∼=
−→ Rm−w+1
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that are compatible, in the sense that the restriction of the second to Sn−1 ×
Dm−w−n+1 is homotopic to the first plus addition of the inward-pointing normal.
Comparing dimensions, we can choose a nonequivariant isomorphism
R
m−w ⊕L (WH)⊕ V H ∼= UH .
This gives us compatible isomorphisms
T (Sn−1 ×Dm−w−n+1)⊕L (WH)⊕ V H
∼=−→ Rm−w ⊕L (WH)⊕ V H
∼=−→ UH
and
T (Dn ×Dm−w−n+1)⊕L (WH)⊕ V H
∼=
−→ Rm−w+1 ⊕L (WH)⊕ V H
∼=
−→ UH ⊕ R.
Putting together two of the isomorphisms above, we get
T (Sn−1 ×Dm−w−n+1)⊕L (WH)⊕ V H
∼=
−→ αˆ∗q∗T (M˘Hx /WxH)⊕L (WH)⊕ V
H .
As in [23], and using the assumption that n − 1 ≤ m− w − 2, we can now appeal
to [8] to say that qαˆ is homotopic to a map that extends to an immersion
γ¯ : Sn−1 ×Dm−w−n+1 → M˘Hx /WxH
whose derivative is stably homotopic to the isomorphism just displayed above, and
that γ¯ is determined up to regular homotopy by this property. We can now lift the
homotopy of qαˆ to a homotopy of αˆ and use γ¯ to thicken in the directions normal
to the orbits of WxH , to get a WxH-immersion
γ0 : WxH × S
n−1 ×Dm−w−n+1 →MHx
whose quotient is γ¯ and whose restriction to WxH × Sn−1 × 0 is homotopic to the
original α|(WxH × S
n−1).
We’ve now thickened in the H-trivial directions, but it remains to deal with
the non-trivial directions, normal to MHx . Our assumptions allow us to apply
Lemma 5.4 to the trivialization
αˆ∗TM ⊕ V
∼=
−→ U
to get a trivialization
(αˆ∗TM)H −L (G/NH)
∼=
−→ UH − VH −L (G/NH)
stably homotopic to αˆ∗tH . Let W = UH − VH −L (G/NH), so WH = 0. We can
use the trivialization just obtained to thicken γ0 in the direction of (αˆ
∗TM)H −
L (G/NH), then extend the action to get the immersion we claimed:
γ : G×H (S
n−1 ×Dm−w−n+1 ×D(W ))→M.
The uniqueness of γ follows from the uniqueness of γ¯.
We now turn to the second statement of the theorem, so assume that γ is an
embedding. Form the trace N using γ and extend f to a map f¯ : N → X using
β. We need to show that we can extend the trivialization t ⊕ R on M × I to all
of N , which is to say, we need to extend it over the handle. It suffices to extend
the H-trivialization over e×Dn×Dm−w−n+1×D(W ). On this space we have the
trivialization
T (Dn ×Dm−w−n+1)⊕L (G/H)⊕W ⊕ βˆ∗ξ
∼=
−→ U ⊕ R
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coming from its contractibility. The restriction of this isomorphism is homotopic
to R added to a map
T (Sn−1 ×Dm−w−n+1)⊕L (G/H)⊕W ⊕ αˆ∗f∗ξ
∼=
−→ U.
On the other hand, γ was chosen so that this is the same trivialization induced by t.
(This is not meant to be obvious, but can be checked carefully from the definitions
of all of the maps involved.) Therefore, we can extend the trivialization over the
handle as required. 
Corollary 5.6. Under the assumptions of Theorem 5.5, if we also have
n ≤ ⌊(m− w + 1)/2⌋,
then we can do surgery on [α, β].
Proof. The condition on n is equivalent to 2(n − 1) < m − w. In that case, the
immersion γ¯ : Sn−1 × Dm−w−n+1 → M˘Hx /WxH constructed in the proof of the
theorem is regularly homotopic to a map that is an embedding on Sn−1 × 0. By
shrinking the disk Dm−w−n+1 if necessary, we can make γ¯ an embedding. The
resulting map γ may then also be taken to be an embedding by using small enough
normal discs. 
When considering manifolds with boundary, the preceding results suffice to do
surgery on the interior, leaving the boundary fixed. We can also do surgery on
the boundary, in the form of attaching handles to the boundary (or, what amounts
to the same thing, attaching traces of surgeries on the boundary). The inverse
operation to the latter is handle subtraction, which requires further comment.
Let (M,∂M) be a G-manifold with nonempty boundary, let (X,A) be a pair
of G-spaces, and let (f, ξ, t) : (M,∂M) → (X,A) be a normal map. Represent an
element of π¯n(f)(x : G/H → M) as the class of a quadruple (α, β, γ, δ) as in the
following diagram:
G/H × Sn−2
α
//
yytt
t
t
t
t
t
t
t

∂M
f

yytt
t
t
t
t
t
t
t
t
t
t
G/H ×Dn−1−
γ
//

M
f

G/H ×Dn−1+ β
//
yytt
tt
tt
tt
tt
A
yytt
t
t
t
t
t
t
t
t
t
t
G/H ×Dn
δ
// X
To say that we can do handle subtraction on (α, β, γ, δ) is to say, first, that γ is
homotopic to a map that can be thickened to an embedding
γ¯ : G×H (D
n−1
− ×D(V ))→M
for some representation V with |M | = n+ |V |+ |G/H |−1, such that the restriction
of γ¯ to G×H (Sn−2×D(V )) is an embedding in ∂M . Because δ provides a homotopy
of fγ to a map into A, we can homotope f so that the image of γ¯ lies entirely in
A. To do handle subtraction on (α, β, γ, δ) then means to remove the interior of
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the image of γ¯ and smooth corners to get a new manifold (M0, ∂M0) and a map
f0 : (M0, ∂M0)→ (X,A), with the trivialization t0 = t|M0 making (f0, ξ, t0) again
a normal map.
Theorem 5.7. Let (M,∂M) be an ideal G-manifold, let (X,A) be a pair of G-
spaces, and suppose that (f, ξ, t) : (M,∂M) → (X,A) is a normal map. Let the
quadruple (α, β, γ, δ) represent an element of π¯n(f)(x) as above. Let M
H
x denote
the component of MH containing x and let WxH denote the subgroup of WH
carrying MHx to itself. Let m = |M
H
x | and let w = |WxH | = |WH |. Suppose that
n ≤ m− w − 1
and
n ≤ m− w − |(MHx )
K |
for every K strictly containing H. Then γ is homotopic to a map that can be
thickened to an immersion
G×H (D
n−1
− ×D
m−w−n+1 ×D(W ))→M
that restricts to an immersion
G×H (S
n−2 ×Dm−w−n+1 ×D(W ))→ ∂M
for some H-representation W with WH = 0.
Proof. The proof is essentially the same as that of the first part of Theorem 5.5. We
just have to observe that we can take a stable trivialization of α∗T (∂M) compatible
with the stable trivialization of γ∗TM given by the contractibility of Dn−1− , and
use a relative version of the immersion results. 
Corollary 5.8. Under the assumptions of Theorem 5.7, if we also have
n ≤ ⌊(m− w + 1)/2⌋,
then we can do surgery on [α, β, γ, δ]. 
6. Surgery Below the Critical Dimension
We are now in a position to describe the first, easier part of surgery, making a
given normal map connected up to a certain dimension.
Definition 6.1. We say that a G-map f : X → Y is a Π0-surjection if, for each
H ≤ G, fH : XH → Y H induces a surjection on sets of components.
Definition 6.2. LetM be aG-manifold. For a point x ∈M with isotropy subgroup
H , let MHx be the component of M
H containing x, and let
mx = |M
H
x |
and
wx = |WH |.
The critical dimension function is then
µx = ⌊(mx − wx + 1)/2⌋.
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Definition 6.3. Let (f, ∂f) : (M,∂M)→ (X,A) be a map from a G-manifold with
(possibly empty) boundary to a pair of G-spaces. Suppose that both f and ∂f are
Π0-equivalences. For each x ∈M with isotropyH , let XHx be the component of X
H
corresponding to MHx , let ∂M
H
x =M
H
x ∩∂M , and let A
H
x = X
H
x ∩A (so ∂M
H
x and
AHx need not be connected, nor even nonempty, but the restriction ∂M
H
x → A
H
x
induces a one-to-one correspondence of components).
We will want to apply Theorems 5.5 and 5.7 and their corollaries. In order to
be sure that we satisfy the assumptions of those results, we must assume a gap
hypothesis, as is common and recognized to be necessary for equivariant surgery.
Definition 6.4. Let τ be a representation of ΠGX for a G-spaceX . For x : G/H →
X , write τ(x) = G×H τx.
(1) We say that τ satisfies the gap hypothesis if, for every x : G/H → X and
every K ≤ H , we have either that τKx = τ
H
x or
|τKx | − |WK| ≥ 2|τ
H
x |.
(2) We say that τ has orbit spaces of dimension at least n if |τHx | − |WH | ≥ n
for all injective maps x : G/H → X .
We say that a manifold M satisfies the gap hypothesis or has orbit spaces of di-
mension at least n if the same is true of its tangent representation τ .
The following result shows what we can achieve by “surgery below the critical
dimension.” It generalizes [23, 1.4] and its proof will be similar. The homological
connectivity referred to in the conclusion is with respect to the fixed-point homol-
ogy defined in Definition 4.8. The assumption of Π0-surjectivity will be satisfied
automatically in the case of a degree one map. When f satisfies the conclusion of
the theorem, we say that it is connected up to the critical dimension.
Theorem 6.5. Let M be a compact G-manifold satisfying the gap hypothesis and
having orbit spaces of dimension at least three, and let (X,A) be a pair of finite
G-CW complexes. Let (f, ξ, t) be a normal map with (f, ∂f) : (M,∂M) → (X,A)
such that both f and ∂f are Π0-surjections. Then we can perform a finite sequence
of equivariant surgeries on M so that, after surgery, for each x with isotropy H,
(1) fHx : M
H
x → X
H
x is µx-connected if mx −wx is even, or (µx − 1)-connected
if mx − wx is odd;
(2) ∂fHx : ∂M
H
x → A
H
x is (µx − 1)-connected on each component; and
(3) If ∂MHx 6= ∅, then (f
H
x , ∂f
H
x ) : (M
H
x , ∂M
H
x ) → (X
H
x , A
H
x ) is homologically
µx-connected.
Proof. Throughout this proof, µx denotes the critical dimension function for M ,
not ∂M .
We proceed by induction on the isotropy groups of M . Fix an isotropy group H
of M and suppose that (fK , ∂fK) has the desired connectivity for every K strictly
containing H . Fix an x : G/H →M with isotropy H . Suppose that 1 ≤ n ≤ µx−1
and, by induction on n, that πk(∂f
H
x ) = 0 for k < n. We have that πn(∂f
H
x ) is
a finitely generated Zπ0 Aut(x)-module via the relative Hurewicz isomorphism and
the fact that M and X are finite complexes. (When n = 1, π1(∂f
H
x ) is a finite
union of π0 Aut(x)-orbits; when n = 2, π2(∂f
H
x ) is a finite product of quotients of
π0Aut(x).) Our assumptions on M ensure that the assumptions of Corollary 5.6
are satisfied for ∂M → A so that we can do surgery on a generator of πn(∂f
H
x ).
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Corollary 4.7 then applies to tell us that the surgery kills that generator and hence
reduces the number of generators. Proceeding, we can kill all of the generators
by a finite number of surgeries, leaving πn(∂f
H
x ) = 0. Moreover, these surgeries
do not affect the fixed sets ∂MK for K strictly containing H , so do not change
the connectivity of ∂fK . Nor do they introduce any new isotropy. Proceeding by
induction on n, we see that we can make ∂fHx have the desired connectivity after
a finite number of surgeries. Stacking the traces of these surgeries together gives a
normal bordism N from the original ∂M to a new manifold, say P . We attach N
to M along ∂M so the resulting normal map to (X,A) has the correct connectivity
on the boundary piece PHx . To simplify notation, we call this manifold (M,∂M)
again.
By a similar argument, we can do surgery in the interior of M , leaving ∂M
and MK unchanged for K strictly containing H , to make fHx : M
H
x → X
H
x be µx-
connected if mx−wx is even, or (µx−1)-connected if mx−wx is odd; the difference
comes in the step where we apply Corollary 4.7. Again, calling the new manifold
by the old name, we may now assume that both fHx and ∂f
H
x have the desired
connectivity.
If mx −wx is even, the long exact sequence in homology implies that (fHx , ∂f
H
x )
is homologically µx-connected as desired. However, when mx−wx is odd and ∂MHx
is nonempty, we can conclude only that (fHx , ∂f
H
x ) is (µx − 1)-connected. In this
case we can do a further surgery (actually, a handle subtraction) to make (fHx , ∂f
H
x )
be µx-connected, as we now explain.
Note that Hµx(f
H
x ) → Hµx(f
H
x , ∂f
H
x ) is surjective because the next group in
the long exact sequence is 0. Further, the Hurewicz map πµx(f
H
x ) → Hµx(f
H
x )
is an isomorphism and the latter group is a finitely generated Zπ0 Aut(x)-module
because the spaces involved are finite complexes. Take a finite generating set of
πµx(f
H
x ) and apply Theorem 5.5 to represent these generators as diagrams
G×H (S
µx−1 ×Dµx ×D(W ))
α¯
//

M
f

G×H (Dµx ×Dµx ×D(W ))
β¯
// X
in which the maps α¯ are embeddings in the interior of M . Recalling that the
argument looks at the projections Sµx−1 → M˘Hx /WxH and turns them into em-
beddings, we see that we can arrange that these embeddings are pairwise disjoint.
Further, we can connect each sphere to a component of ∂M˘Hx /WxH via a tube (and
keep these all disjoint). Going back up to MHx , we then have a disjoint collection
of embedded, framed discs with boundaries in ∂MHx :
WxH × Sµx−2 ×Dµx //

∂MHx

WxH ×Dµx−1 ×Dµx // MHx .
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The trivializations of the normal bundles in M extend over the tubes to give us a
collection of embeddings of the following form:
G×H (Sµx−2 ×Dµx ×D(W )) //

∂M

G×H (D
µx−1 ×Dµx ×D(W )) // M.
Let Q denote the union of the images of these framed discs, or handles, in M and
let M¯ denote the result of removing these handles, i.e., removing the interior of Q
from M and then smoothing corners. Using β¯ together with the interiors of the
added tubes, we can homotope f so that f(Q) ⊂ A, so that we get a normal map
(f¯ , ∂f¯) : (M¯, ∂M¯)→ (X,A).
We claim that (f¯Hx , ∂f¯
H
x ) has the required connectivity.
Define another map of pairs,
(fHx , g) : (M
H
x , Q
H
x ∪ ∂M
H
x )→ (X
H
x , A
H
x ).
Consider the homology long exact sequence associated to the map (fHx , ∂f
H
x ) →
(fHx , g), where we use the induced local coefficient system from M
H
x throughout.
The third term is, with a shift of two in grading,
H∗(Q
H
x ∪ ∂M
H
x , ∂M
H
x )
∼= H∗(Q
H
x , Q
H
x ∩ ∂M
H
x )
by excision. Excision also allows us to identify
H∗(f
H
x , g)
∼= H∗(f¯
H
x , ∂f¯
H
x ),
so the long exact sequence takes the form
· · · → Hk−1(Q
H
x , Q
H
x ∩ ∂M
H
x )→ Hk(f
H
x , ∂f
H
x )→
Hk(f¯
H
x , ∂f¯
H
x )→ Hk−2(Q
H
x , Q
H
x ∩ ∂M
H
x )→ · · ·
Now, the pair (QHx , Q
H
x ∩ ∂M
H
x ) is homotopy equivalent to a disjoint union of
pairs of the form (WxH ×Dµx−1,WxH × Sµx−2), so Hk(QHx , Q
H
x ∩ ∂M
H
x ) = 0 for
k < µx − 1, hence
Hk(f¯
H
x , ∂f¯
H
x )
∼= Hk(f
H
x , ∂f
H
x ) = 0 for k ≤ µx − 1.
At µx we thus have the following exact sequence:
Hµx−1(Q
H
x , Q
H
x ∩ ∂M
H
x )→ Hµx(f
H
x , ∂f
H
x )→ Hµx(f¯
H
x , ∂f¯
H
x )→ 0.
The handles QHx were chosen to map to a set of generators of Hµx(f
H
x , ∂f
H
x ), so
the first map in this sequence is surjective, hence Hµx(f¯
H
x , ∂f¯
H
x ) = 0 as required.
On the boundary, we have performed a (µx − 1) surgery on ∂MHx , so Corol-
lary 4.7 tells us that ∂f¯Hx remains (µx − 1)-connected. It follows from the long
exact homology sequence that f¯Hx also remains (µx − 1)-connected.
Induction on H then completes the proof. 
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7. The Surgery Kernel
We now suppose that we have a normal map that is connected up to the critical
dimension and examine the surgery kernel.
Definition 7.1. Let (M,∂M) be a compact G-manifold, let (X, ∂X) be a G-
Poincare´ duality space of dimension τ , and let (f, ∂f) : (M,∂M) → (X, ∂X) be a
degree-one map. The equivariant surgery kernels of (f, ∂f) are defined by
KG∗ (f ;S) = H
G
∗+1(f ;S)
KG∗ (f, ∂f ;S) = H
G
∗+1(f, ∂f ;S)
K
G
∗ (f ;T ) = H
G
∗+1(f ;T ) and
K
G
∗ (f, ∂f ;T ) = H
G
∗+1(f, ∂f ;T )
for any coefficient systems S and T . The equivariant surgery cokernels of (f, ∂f)
are defined similarly by
K∗G(f ;T ) = H
∗+1
G (f ;T )
K∗G(f, ∂f ;T ) = H
∗+1
G (f, ∂f ;T )
K
∗
G (f ;S) = H
∗+1
G (f ;S) and
K
∗
G (f, ∂f ;S) = H
∗+1
G (f, ∂f ;S).
Note that the kernels and cokernels are graded on representations of ΠGX . We
shall write KG∗ (f) and so on for the Π̂GX-modules obtained by taking universal
coefficients, as in Definition 1.13.
We also have the nonequivariant (integer-graded) kernels and cokernels
K∗(f) = H∗+1(f)
K∗(f, ∂f) = H∗+1(f, ∂f)
K∗(f) = H∗+1(f) and
K∗(f, ∂f) = H∗+1(f, ∂f),
which we will always take with local coefficients ZΠX(x,−) for some x : G/e→ X ,
as in Definition 4.8.
As nonequivariantly, and by the same argument, we have the following diagram
of split short exact sequences, in which the two right-most vertical arrows are
Poincare´ duality isomorphisms, implying that the left-most vertical arrow is also
an isomorphism:
0 K τ−αG (f ;S)
oo

H
τ−α
G (M ;S)
oo
∼=

H
τ−α
G (X ;S)
f∗
oo
∼=

0oo
0 // KGα (f, ∂f ;S) // H
G
α (M,∂M ;S) f∗
// HGα (X, ∂X ;S) // 0
There are similar diagrams with the roles of f and (f, ∂f) reversed, and with the
roles of K and K reversed. Thus, the kernels and cokernels exhibit Poincare´
duality.
Suppose now that we have done surgery below the critical dimension, so (f, ∂f)
is connected up to the critical dimension. Assuming that we are in a situation
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where we will be doing induction on isotropy groups, consider a point x ∈ M
with isotropy H and suppose that fK and ∂fK are homotopy equivalences for all
K strictly containing H . We look at (fHx , ∂f
H
x ) : (M
H
x , ∂M
H
x ) → (X
H
x , ∂X
H
x ), a
WxH-map that is a homotopy equivalence on all proper fixed sets.
To simplify notation, we recast the situation as follows. Consider a compact Lie
group W , a compact W -manifold (M,∂M), a W -Poincare´ duality pair (X, ∂X),
and a degree-one map (f, ∂f) : (M,∂M)→ (X, ∂X). Let m = |M |, w = |W |, and
µ = ⌊(m−w+1)/2⌋. We assume that fK and ∂fK are homotopy equivalences for
all nontrivial subgroups and that
(1) f is nonequivariantly µ-connected if m− w is even, and (µ− 1)-connected
if m− w is odd;
(2) ∂f is nonequivariantly (µ− 1)-connected; and
(3) if ∂M 6= ∅, then (f, ∂f) is nonequivariantly homologically µ-connected.
Under these assumptions we want to examine the equivariant and nonequivariant
surgery kernels.
Theorem 7.2. With the assumptions above we have
KWn (f, ∂f ;S) = 0 and
KnW (f, ∂f ;T ) = 0
for all integers n 6= µ and all coefficient systems S and T . Further, KWµ (f, ∂f) is
a finitely generated, stably free Π̂GX-module with W -free stable basis.
Proof. By definition,
KWn (f, ∂f ;S) = H
W
n+1(f, ∂f ;S)
∼= HWn+1(Cf,C∂f ;S)
where Cf denotes the mapping cone of f over X . By assumption, (Cf)K and
(C∂f)K are contractible for all proper subgroups K and (Cf,C∂f) is nonequivari-
antly (µ + 1)-connected. Therefore, we can approximate (Cf,C∂f) by a relative
W -CW complex (Y, ∂Y ) over X with only free relative cells of dimension µ+ 1 or
larger. It follows that
KWn (f, ∂f ;S) = 0 for n < µ.
Similarly, Cf is nonequivariantly (µ+1)-connected ifm−w is even and µ-connected
if m − w is odd, so we can approximate it by a based W -CW complex Z over X
with only free cells, of dimension at least µ + 1 if m − w is even and at least
µ if m − w is odd. This cell complex may also be viewed as a dual W -CW(τ)
complex because the cells are free, however, each cell W/e×Dn is considered to be
a (w + n)-dimensional dual cell. Using the fact that |τ | = m, this gives us
K
τ−n
W (f ;S) = H˜
τ−n+1
W (Z;S)
= 0 if
{
m− n+ 1 < µ+ w + 1 when m− w is even
m− n+ 1 < µ+ w when m− w is odd.
However, the two cases both simplify to say that the cokernel vanishes when n > µ.
As mentioned before the theorem, Poincare´ duality gives us
KWn (f, ∂f ;S)
∼= K τ−nW (f ;S).
The left group vanishes when n < µ while the right group vanishes when n > µ.
Therefore, the only possible nonzero group occurs when n = µ. The same argument,
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mutatis mutandi, applies to cohomology, so the first statement of the theorem is
shown.
The last statement of the theorem now follows from Lemma 1.16 applied to the
integer-graded chain complex CW∗ (Y, ∂Y ), using that the relative cells of (Y, ∂Y )
are W -free. 
We then get the following consequence for the nonequivariant kernel. This is a
version of Petrie’s result [17, Theorem 3.4].
Corollary 7.3. With the assumptions of this section, we have
Kn(f, ∂f) = 0 unless µ ≤ n ≤ µ+ w,
and in that range we have
Kµ+q(f, ∂f) ∼= K
W
µ (f, ∂f ;Hq).
Here, the coefficient system Hq is given by
Hq(y : W/K → X) = Hq(W/K;ZΠX(x,−)),
consideringW/K as a nonequivariant space over X. Further, Kµ(f, ∂f) is a finitely
generated, stably free Zπ0Aut(x)-module.
Proof. Consider nonequivariant homology H∗(−;ZΠX(x,−)) as an equivariant ho-
mology theory on W -spaces over X (by forgetting the W -action). We then have
an equivariant Atiyah-Hirzerbruch spectral sequence, which we apply to (f, ∂f), to
get
E2p,q = K
W
p (f, ∂f ;Hq)⇒ Kp+q(f, ∂f ;ZΠX(x,−)).
The preceding theorem tells us that the E2 term is concentrated at p = µ, hence the
spectral sequence collapses and we have the isomorphism claimed in the corollary.
Because W/K is a manifold of dimension no more than w, the coefficient system
Hq vanishes for q < 0 or q > w, hence we get the vanishing result stated.
The last statement of the corollary follows from the last statement of the pre-
ceding theorem and the calculation
H0 = H0(−;ZΠX(x,−))
∼= Π̂WX(x,−).
To see this, let y : W/K → X and consider
Π̂WX(x, y) = [Σ
∞
Wx+,Σ
∞
W y+]
W
X
= [W/e+ ∧ S,Σ
∞
WG/K+]
W
X
∼= [S,Σ∞G/K+]X .
We can calculate this last group by taking the universal cover X˜ → X , pulling back
along y to a covering space over G/K, and then taking the free group on π0 of the
total space. But this is the same as the 0th homology of the total space, which is
H0(G/K;ZΠX(x,−)). Finally, we note that
Π̂WX(x, x) ∼= Zπ0 Aut(x).
because x : W/e→ X , so the fact thatKWµ (f, ∂f) is a stably free Π̂GX-module with
W -free stable basis implies thatKWµ (f, ∂f ; Π̂WX(x,−)) is a stably free Zπ0 Aut(x)-
module. 
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8. The Π-Π Theorem
We can now prove a Π-Π theorem following the argument given by Wall in [23].
Theorem 8.1 (Π-Π Theorem). Let (X, ∂X) be a G-Poincare´ duality pair of di-
mension τ . Suppose that τ is ideal, satisfies the gap hypothesis, and has fixed sets
of dimension at least 6. Suppose further that ΠG∂X → ΠGX is an equivalence of
groupoids over OG. If M is a smooth compact G-manifold and (f, ξ, t) : (M,∂M)→
(X, ∂X) is a degree one normal map, then (f, ξ, t) is normally cobordant to a G-
homotopy equivalence.
Proof. We assume that we’ve done surgery below the critical dimension, as in The-
orem 6.5. We proceed by induction on fixed sets, so assume that H is an isotropy
subgroup of M and that fK and ∂fK are homotopy equivalences for each K > H .
Let x be a point of M with isotropy H ; we use the notations introduced in Defini-
tions 6.2 and 6.3. We look at two separate cases, where mx−wx is even and where
it is odd.
Case mx − wx even.
We’ve assumed that we’ve done surgery below the critical dimension, so we have
that fHx : M
H
x → X
H
x is µx-connected, ∂f
H
x is (µx−1)-connected, and (f
H
x , ∂f
H
x ) is
homologically µx-connected. It follows from Theorem 7.2 thatK
WxH
n (f
H
x , ∂f
H
x ) = 0
for n 6= µx and that KWxHµx (f
H
x , ∂f
H
x ) is a finitely generated, stably free Π̂WxHX
H
x -
module with WxH-free stable basis.
By Corollary 5.6, we may do surgery on a trivial (µx − 1)-sphere in ∂MHx ,
which is to say, attach a handle to MHx of the form WxH ×D
µx ×Dmx−wx−µx =
WxH × Dµx × Dµx along an embedding WxH × Sµx−1 × Dµx → ∂MXH ; this is
(part of) the fixed set of a handle of the form G ×H (D
µx ×Dµx ×D(W )) where
WH = 0. Because the attaching map is trivial, this has the effect in dimension µx
of adding a free Π̂WxHX
H
x -module, with WxH-free basis, to Kµx(f
H
x , ∂f
H
x ) (and it
does not change the kernel below this dimension). Thus, after attaching sufficiently
many such handles, we may assume that Kµx(f
H
x , ∂f
H
x ) is not just stably free, but
is actually a free Π̂WxHX
H
x -module with a finite, WxH-free basis.
By Namioka [16] and Corollary 7.3, we have an isomorphism of Zπ0 Aut(x)-
modules
πµx+1(f
H
x , ∂f
H
x )
∼= Kµx(f
H
x , ∂f
H
x )
∼= KWxHµx (f
H
x , ∂f
H
x ; Π̂WxHX
H
x (x,−)).
Using Theorem 5.7, we can therefore represent a basis of KWxHµx (f
H
x , ∂f
H
x ) by im-
mersions
αi : WxH × (D
µx ×Dµx , Sµx−1 ×Dµx)→ (MHx , ∂M
H
x ).
Because these immersions land in the WxH-free part of M
H
x , we can consider
the restrictions to e × Dµx × Dµx and their images in MHx /WxH , and apply the
“piping” argument in [23, Ch. 4] verbatim to make those images homotopic to
disjoint embeddings, then lift up the fibration, so that we can make the αi be a
collection of disjoint embeddings.
We then perform handle subtraction using Corollary 5.8. Let U ≈
∐
iWxH ×
Dµx ×Dµx be the union of the image of the αi and let M0 be result of removing
the interior of U from MHx . Then H
WxH
µx (U,U ∩ ∂M
H
x ) is a free Π̂WxHX
H
x -module
with WxH-free basis, by the dimension axiom, and
HWxHn (U,U ∩ ∂M
H
x )
∼= HWxHn (U ∪ ∂M
H
x , ∂M
H
x )→ K
WxH
n (f
H
x , ∂f
H
x )
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is an isomorphism for all n by the choice of the αi and the fact that these groups
are nonzero only in dimension µx. We also have the following diagram of long exact
sequences:
HWxHn (U ∪ ∂M
H
x , ∂M
H
x )
//
∼=

HWxHn (M
H
x , ∂M
H
x )
// HWxHn (M
H
x , U ∪ ∂M
H
x )

KWxHn (f
H
x , ∂f
H
x )
// // HWxHn (M
H
x , ∂M
H
x )
// // HWxHn (X
H
x , ∂X
H
x )
This implies that
HWxH∗ (M0, ∂M0)
∼= HWxH∗ (M
H
x , U ∪ ∂M
H
x )
∼= HWxH∗ (X
H
x , ∂X
H
x ).
Duality then gives H ∗WxH(X
H
x )
∼= H ∗WxH(M0), which, by Corollary 1.15, im-
plies HWxH∗ (M0)
∼= HWxH∗ (X
H
x ). The long exact sequence in homology then gives
HWxH∗ (∂M0)
∼= HWxH∗ (∂X
H
x ). This completes the case when mx − wx is even.
Case mx − wx odd.
In this case, we have KWxHn (f
H
x , ∂f
H
x ) = 0 unless n = µx, and K
WxH
n (f
H
x ) = 0
unless n = µx − 1. Hence, we have a short exact sequence
0→ KWxHµx (f
H
x , ∂f
H
x )→ K
WxH
µx−1
(∂fHx )→ K
WxH
µx−1
(fHx )→ 0.
As before, we can perform trivial surgeries on ∂M to convert these stably free
modules to free modules with WxH-free bases. We then represent a basis of
KWxHµx (f
H
x , ∂f
H
x ) by a collection of immersions
αi : WxH × (D
µx ×Dµx−1, Sµx−1 ×Dµx−1)→ (MHx , ∂M
H
x )
that extend to immersions αi × D(W ) in (M,∂M). By looking at the images in
the WxH orbit space, using the argument in [23, Ch. 4], we can modify the αi so
that the restrictions to bounding spheres give disjoint embeddings in ∂MHx .
Now attach handles to ∂MHx using the restrictions αi|WxH × S
µx−1 ×Dµx−1 ×
D(W ), let (M¯, ∂M¯) be the resulting manifold. Let f¯ : M¯Hx → X
H
x be the resulting
map, and let U be the union of the attached handles.
Because the attaching maps are null-homotopic in MHx , we have
KWxHµx−1(M¯
H
x )
∼= KWxHµx−1(M
H
x )
and KWxHµx (M¯
H
x ) is free, with a WxH-basis given by the images of the thickened
balls consisting of the original αi with the handles attached.
The triple ∂M¯Hx → ∂M¯
H
x ∪ U → M¯
H
x gives the following exact sequence, using
excision:
0→ KWxHµx (f¯
H
x , ∂f¯
H
x )→ K
WxH
µx (f
H
x , ∂f
H
x )
→ HWxHµx−1(U,U ∩ ∂M¯
H
x )→ K
WxH
µx−1
(f¯Hx , ∂f¯
H
x )→ 0.
The dual of the connecting homomorphism in the middle of this exact sequence is
the connecting map
K
wx+µx−1
WxH
(fHx )→ H
wx+µx
WxH
(M¯Hx ,M
H
x )
∼= H
wx+µx
WxH
(U,U ∩ ∂MHx ).
This map is zero because the attaching maps are trivial in MHx , which makes the
next map in the long exact sequence a split inclusion. Therefore, the long exact
sequence above splits into two isomorphisms,
KWxHµx (f¯
H
x , ∂f¯
H
x )
∼= KWxHµx (f
H
x , ∂f
H
x )
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and
HWxHµx−1(U,U ∩ ∂M¯
H
x )
∼= KWxHµx−1(f¯
H
x , ∂f¯
H
x ).
By construction, the map
KWxHµx (f¯
H
x )→ K
WxH
µx (f¯
H
x , ∂f¯
H
x )
∼= KWxHµx (f
H
x , ∂f
H
x )
is an isomorphism. Therefore, the dual map
K
wx+µx−1
WxH
(f¯Hx , ∂f¯
H
x )
∼=−→ K wx+µx−1WxH (f¯
H
x )
is also an isomorphism. Because these are the first nonzero degrees in both dual
homology and cohomology, it follows that the map
K
WxH
wx+µx−1(f¯
H
x )
∼=
−→ K WxHwx+µx−1(f¯
H
x , ∂f¯
H
x )
is also an isomorphism. Because the cells are all free, we can reinterpret dual cells
as ordinary cells with a shift by wx, and it then follows that
KWxHµx−1(f¯
H
x )
∼=
−→ KWxHµx−1(f¯
H
x , ∂f¯
H
x )
is an isomorphism, which completes showing that these modules are isomorphic in
all degrees.
From the long exact sequence, we have that KWxH∗ (∂f¯
H
x ) = 0, hence ∂M¯
H
x →
∂XHx is an equivalence.
By the equivariant Atiyah-Hirzebruch spectral sequence, the nonequivariant ker-
nel Kµx−1(f¯
H
x ) is isomorphic to K
WxH
µx−1
(f¯Hx )(x), so is a free Zπ0 Aut(x)-module.
Choose a basis and then, using the Hurewicz-Namioka isomorphism, represent the
basis elements as elements of πµx(f¯
H
x ), and use them to do surgery away from the
boundary, getting a new manifold fˆ : Mˆ → X with ∂Mˆ = ∂M¯ . Let P be the trace
of the surgery and identify M¯ ∪ ∂M¯ × I with M¯ , so that ∂P = M¯ ∪∂M¯ Mˆ . We
then have a map
F : (P ; M¯, Mˆ)→ (X × I;X × 0 ∪ ∂X × I,X).
Considering the pair (P, M¯ ), for which HWxH∗ (P
H
x , M¯
H
x ) is concentrated in degree
µx, we get the following exact sequence:
0→ KWxHµx (f¯
H
x )→ K
WxH
µx (F
H
x )
→ HWxHµx (P
H
x , M¯
H
x )
∂1−→ KWxHµx−1(f¯
H
x )→ K
WxH
µx−1
(FHx )→ 0
Further, ∂1 is an isomorphism by construction, so K
WxH
µx−1
(FHx ) = 0 and
KWxHµx (f¯
H
x )
∼= KWxHµx (F
H
x ).
Now consider the pair (P, Mˆ ), which gives the following exact sequence:
0→ KWxHµx (fˆ
H
x )→ K
WxH
µx (F
H
x )
i∗−→ HWxHµx (P
H
x , Mˆ
H
x )→ K
WxH
µx−1
(fˆHx )→ 0
By a similar argument to the one we made earlier, i∗ is dual to ∂1, hence is an
isomorphism. From this we see that
KWxHµx (fˆ
H
x ) = 0 = K
WxH
µx−1
(fˆHx ),
so KWxH∗ (fˆ
H
x ) = 0 in all degrees, i.e., Mˆ
H
x → X
H
x is an equivalence. Because we
know that ∂MˆHx → ∂X
H
x is an equivalence, it follows from the long exact sequence
that we have KWxH∗ (fˆ
H
x , ∂fˆ
H
x ) = 0 as well.
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This completes the case in which mx−wx is odd, and the full result is completed
by induction on H . 
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